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1. Introduction

Many important economic decisions are both strategic and dynamic. This is the
case when agents interact repeatedly, and their present decisions jointly determine not
only immediate payoffs, but also shape the strategic situation in future periods. Ex-
amples include dynamic pricing, the accumulation and depletion of resources, savings
or capacities, entering of legal contracts, and the development of new technologies.

The interplay of strategic and dynamic considerations is adequately captured in
the class of stochastic games, first introduced by Shapley (1953). Stochastic games
generalize both Markov decision processes (by introducing multiple players) and re-
peated games (by introducing different states of the world), and thus provide a rich
framework for the analysis of dynamic interaction. Following Shapley, the most
prominent solution concept for stochastic games is stationary equilibrium, which is a
subgame-perfect equilibrium in history- and time-independent (but state-dependent)
strategies. It is well-known that every finite discounted stochastic game admits a
stationary equilibrium (Shapley, 1953; Fink, 1964; Takahashi, 1964).

Solan and Vieille (2015) recently appraised Shapley’s contribution and the subse-
quent theoretical developments. In closing, the authors remark: “Although our un-
derstanding of dynamic situations has improved, the questions that we can answer are
still limited, and the models that are analyzed are still very stylistic. New tools must
be developed so that we can treat models that are closer to real-life situations and
provide better predictions.” We agree, and argue in particular that stochastic games
hold great potential for applied economics. Situations involving dynamic-strategic
interplay are ubiquitous, in diverse areas such as pricing and contracting in industrial
organization, competition in research and development, or the market microstructure
of institutions such as limit order books. Yet, so far stochastic games have found only
limited use as a modeling device.1 A likely reason is that they come with two major
difficulties, even when focusing on stationary strategies. First, equilibria are generally
hard to compute. Finding Nash equilibria even in normal-form games has been shown
to be PPAD-complete (Daskalakis et al., 2009). In stochastic games in particular,
even a moderate number of states quickly lead to a large system of nonlinear equa-

1Some notable exceptions include Cournot competition with renewable resources (Levhari and
Mirman, 1980), dynamic price competition (Maskin and Tirole, 1988a,b), industry dynamics (Ericson
and Pakes, 1995), financial limit order markets (Goettler et al., 2005), and learning by doing (Besanko
et al., 2010).
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tions which characterize equilibria. Markov decision problems, which exhibit a similar
curse of dimensionality, are typically solved using iterative methods. Unfortunately,
these are not generally applicable to stochastic games: In the presence of strategic
interaction their convergence is not guaranteed. Second, equilibria are typically not
unique. In this paper, we address both issues by proposing a solution method which,
first, allows to compute a stationary equilibrium of any finite discounted stochastic
game and, second, is well-founded in recognized equilibrium selection theory.

Our method has its roots in the linear tracing procedure for finite normal-form
games by Harsanyi and Selten (1988), which is the basis of their theory of equilib-
rium selection. The linear tracing procedure augments the game in question with a
set of prior beliefs as additional primitive. The procedure then performs a gradual
transformation of these priors into equilibrium beliefs. Specifically, a set of auxiliary
games is defined using a homotopy parameter t ∈ [0, 1]. For t = 0, players maximize
solely against their prior. For t ∈ (0, 1), players maximize against a convex combi-
nation of priors and the best responses of other players. At t = 1, players maximize
solely against others’ best responses: Beliefs are consistent and an equilibrium of
the original game is reached. Harsanyi and Selten (1988) interpret the linear tracing
procedure as a form of Bayesian strategic reasoning, in which all players start from a
shared first expectation regarding others’ behavior and then gradually feed in second
order information on others’ rational response, until beliefs are in equilibrium.

Mathematically, the linear tracing procedure falls into the general class of homo-
topy methods, in which a complex problem, here finding an equilibrium, is continu-
ously transformed into a related, but much simpler problem, here finding solutions to
a set of decision problems at t = 0.2 This transformation is then gradually reversed,
while tracing a so-called homotopy path of solutions until a solution for the original
problem at t = 1 is reached. In the linear tracing procedure and its descendants, this
path is constructed from equilibria of the auxiliary games.

The linear tracing procedure was generalized to finite discounted stochastic games
by Herings and Peeters (2003, 2004), on which our method is directly based. Both the
original and the stochastic linear tracing procedures share an important limitation:

2A general, thorough, and accessible introduction to homotopy methods is given by Zangwill and
Garcia (1981). Eaves and Schmedders (1999) offer a concise introduction specifically geared towards
economists.
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They are guaranteed to be well-defined only for generic games. This is a considerable
restriction since most, if not virtually all games studied in economics are non-generic.3

For these games, the solution set of the linear methods may include multiple starting
points, branching points, or manifolds of dimension higher than one. The method
then fails to define a unique, isolated, one-dimensional path, which poses a problem
both for numerical computations and interpretation as a selection criterion. In light
of this, Harsanyi (1975) and Harsanyi and Selten (1988) also discuss a logarithmic
variant for normal-form games that addresses these issues, but agrees with the linear
method in a limiting sense whenever the latter is well-defined. Moreover, the path
used by the logarithmic procedure is smooth and interior, which eases numerical path
following.

The present paper develops the logarithmic stochastic tracing procedure, which
similarly extends the linear tracing procedure for stochastic games by Herings and
Peeters (2004). We show that our logarithmic variant, in contrast to the linear pro-
cedure, is guaranteed to induce an isolated path for any finite discounted stochastic
game, placing it in the class of probability-one homotopies (Watson, 2002) and over-
coming the limitation to generic games. Nevertheless, it retains a close connection
to the original, linear method. Whenever the linear method is well-behaved, both
select the same equilibrium. When the solution set of the linear procedure fails to
define a unique, one-dimensional path without branching points, the path induced by
the logarithmic procedure is still contained in that set, and can thus be considered a
selection from the multiple paths suggested by the linear procedure.

In principle, our approach of regularization via logarithmic costs which are then
faded out resembles that of Harsanyi and Selten (1988) for normal form games. How-
ever, the resulting mathematical system for stochastic games differs in important
respects, making the extension non-trivial and our proofs of convergence rely on

3Almost all games are generic, in the sense that the set of generic games has full Lebesgue measure
in the space of games. If payoff and transition matrices of a finite stochastic game were to be chosen
at random from a continuous distribution, the resulting game would be generic with probability one.
Nonetheless, restriction to generic games is a serious limitation, since games studied by economists
are usually not picked at random, but constructed in some regular fashion. Consequently, games
of interest almost always have properties that make them non-generic, for example symmetries
between players, states or certain actions, payoffs that are regularly spaced, or transition matrices
that contain zeros. If these properties are deemed important, having methods for non-generic games
are essential: While adding a small perturbation makes a non-generic game generic, it also results
in the loss of any symmetries and regularities.
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quite different mathematical instruments.4 At the same time, the proofs turn out to
be quite general, and depend only on very general properties of the resulting equa-
tions.5 In consequence, they should be easily adaptable to economic systems other
than stochastic games (e.g. games of incomplete information or general equilibrium)
or other forms of regularization penalties besides logarithmic ones.

The path used by our method can be understood as the continuous transformation
of prior beliefs into a specific equilibrium, as already discussed by Harsanyi and
Selten (1988). This makes it a helpful tool in the selection from the potentially many
equilibria of a given game, in either of the following two ways. First, it allows to
compute the equilibrium arising from a specific prior, e.g. uniform mixing, or some
other prior that may be particularly salient for the game in question.6 Alternatively,
by applying the method repeatedly over points sampled from the prior space, one can
potentially uncover multiple equilibria, map out their basins of attraction and assess
their relative sizes.

Our method is well-suited for the numerical computation of stationary equilibria
of arbitrary finite discounted stochastic games, even of considerable size. A nu-
merical implementation is publicly available as part of the python package sgame-
solver by Eibelshäuser and Poensgen (2019, code at github.com/davidpoensgen/
sgamesolver); benchmark timings are reported in Appendix F.

As mentioned, computing stationary equilibria involves solving a high-dimen-
sional, nonlinear system of equations. It is therefore not surprising that all currently
available, practically suitable algorithms for general games are homotopy-based, to

4Notably, Harsanyi and Selten themselves were in many respects not rigorous in their treatment of
the logarithmic procedure for normal-form games. Schanuel et al. (1991) address this, using theory
of semi-algebraic sets. This approach is not feasible here: For stochastic games, the logarithmic
penalty terms do not drop out in the first order conditions, due to their presence in the continuation
values. Thus, the solution curve is not algebraic (see equation 3b). Our approach is therefore quite
different: A set of weights is used to guarantee a one-dimensional, isolated path, making the method
a probability one homotopy in the sense of Watson (2002).

5Technically, our proofs of convergence predominantly require that the resulting system of equa-
tions allows a representation in exponential polynomials, enabling repeated use of Khovanski’s the-
orem (see Propositions 6 and 7). This will hold for virtually all objective functions typically used in
economic modeling, and a wide range of possible penalty functions.

6Understood in this way, the method shares some similarity with the level-k-framework (Nagel,
1995; Stahl and Wilson, 1995), with the prior playing the same role as the level-0 strategy. A notable
difference is of course that the present method is guaranteed to converge to an equilibrium, which
does not hold for level-k reasoning.
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the best of our knowledge.7 Apart from the linear tracing procedure by Herings and
Peeters (2004), we are aware of three further such methods. First, Govindan and
Wilson (2009) propose a global Newton method based on the structure theorem by
Kohlberg and Mertens (1986). Second, Eibelshäuser and Poensgen (2020) propose
a homotopy method based on quantal response equilibrium (McKelvey and Palfrey,
1995). Finally, Dang et al. (2020) propose an interior-point method from an arbitrary
starting point. The latter two methods also work for all games. The advantage of the
logarithmic tracing procedure developed in this paper is that it reflects a comprehen-
sible equilibrium selection process.

2. Stochastic games, stationary strategies, and equilibria

A stochastic game is played as follows. The initial state is determined, possibly
according to a random distribution. At the beginning of each stage, all players learn
the current state of the world and then choose one of their available actions in that
state. (If a player has no decision to make in a certain state, the respective action
set is a singleton.) Action profile and current state jointly determine instantaneous
utilities for each player and a probability distribution from which a state for the next
period is drawn. The next stage begins accordingly. A game may involve terminal
states, meaning it will end once such a state is reached; otherwise, the game will
continue indefinitely. Players discount exponentially from period to period.

This class of games is quite general and nests for example normal form games,
sequential games, repeated games (where the state space is a singleton), and Markov
decision processes (which are one-player stochastic games).

Formally, a stochastic game G is defined as a tuple
〈
S, I, A,u,Φ,Φ0, δ

〉
with

S: set of states,

I: set of players,

7There also exist iteration-based algorithms following Pakes and McGuire (1994), but they come
with no guarantee of convergence (which will thus depend on the specific game) and are in principle
only suited to find pure-strategy equilibria (but see e.g. Doraszelski and Satterthwaite (2010) who use
a purification technique to find equilibrium mixtures for certain decisions). On the other hand, these
algorithms are able to handle quite large state spaces (Doraszelski and Judd, 2012). An extensive
literature on industry dynamics has made use of these algorithms (see e.g. Ericson and Pakes, 1995;
Doraszelski and Pakes, 2007; Abbring et al., 2018).
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Asi: action set of player i in state s; As =×i∈I Asi is the set of action profiles in
state s; A = ⋃

s∈S,i∈I Asi denotes the set of all actions of any player in any state,

u =
(
usi(as)

)
as∈As,s∈S,i∈I

: instantaneous payoff functions usi : As → R,

Φ =
(
φs)s′(as)

)
as∈As,s,s′∈S

: state transition probabilities, so that φs)s′(as) denotes
the probability of transitioning from state s to s′, if action profile as is played,

Φ0 ∈ ∆(S): probability distribution over the initial state s0,

δ =
(
δi
)
i∈I

: discount factors for all players.

Our method applies to all finite discounted stochastic games. A stochastic game
is finite if S, I, and A are finite (note that the time horizon is generally still infinite),
and discounted if δi < 1 for all i.

Throughout, we will limit all discussion to stationary behavior strategies. Such a
strategy assigns to each pair (s, i), called the agent of player i in state s, a mixture σsi
over the available actions.8 This means that strategies may condition on the current
state, but neither on history of play beyond what is reflected in the current state, nor
on time.9 Limiting attention to stationary equilibria is quite conventional in the study
of stochastic games, as the set of all equilibria is generally vast. Importantly, there
always exist stationary best responses to stationary strategies. Placing a stationarity
constraint on players’ strategies therefore does not induce additional equilibria, but
simply acts as a selection criterion. In addition, it is well-known that every finite
discounted stochastic game has at least one stationary equilibrium. Herings and
Peeters (2004) offer a more detailed exposition of behavior strategies, stationarity,
and related matters in stochastic games. Note that by the conventional definition,
stationary equilibria (e.g. Shapley (1953); Takahashi (1964)) require optimality in all
states (even those not actually reached in equilibrium), making them subgame-perfect.
The well-known one-shot deviation principle applies to stochastic games, allowing the
following characterization of stationary equilibria. A stationary strategy profile σ and

8We will denote by σsi ∈ ∆(Asi) the mixture of an agent, by σsia the probability placed on a
specific action a ∈ Asi, by σi the complete behavior strategy of player i, by σs the mixture of all
agents in state s, and by σ the strategy profile of all players. As usual, index −i denotes a profile for
all players but i.

9Of course it is always possible to model history-dependent strategies as stationary by introducing
additional states. For example, augmenting the repeated prisoner’s dilemma with the states “no
defection yet” and “defection has occurred” with according transitions makes trigger a stationary
strategy.
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an associated vector of state-player-values V ∈R|S×I| form an equilibrium if and only
if, for all (s, i) ∈ S×I:

Vsi = usi(σs) + δi
∑
s′∈S

φs)s′(σs) Vs′i (1a)
∑
a∈Asi

σsia = 1 (1b)

σsia ≥ 0 ∀a ∈ Asi (1c)

usi(a,σs,−i) + δi
∑
s′∈S

φs)s′(a,σs,−i) Vs′i ≥ (1d)

usi(a′,σs,−i) + δi
∑
s′∈S

φs)s′(a′,σs,−i) Vs′i ∨ σsia = 0 ∀a, a′ ∈ Asi

Condition (a) simply requires that the values are consistent with σ.10 Conditions
(b) and (c) are the usual constraints on mixed strategies. Finally, (d) rules out
profitable one-shot deviations: It allows positive probability only on such actions
which maximize total utility, given continuation values V for the next period. It can
be expressed more succinctly by introducing the following notation

Usi(σs,Vi) := usi(σs) + δi
∑
s′∈S

φs)s′(σs) Vs′i

so that U reflects total expected discounted utility when σs is played in the current
period, and continuation values are given by V . The condition then reads

Usi(a,σs,−i,Vi) ≥ Usi(a′,σs,−i,Vi) ∨ σsia = 0 ∀a, a′ ∈ Asi (1d’)

10In fact σ uniquely determines V . One could therefore give equilibrium conditions in terms of
σ alone. However, using both σ and V simplifies much of what is to follow, and in addition, the
resulting equations are better suited for numerical implementation.

An expression for V in terms of σ can be recovered from conditions (1a) in vector notation.
Enumerate states as 1, 2, ..., |S|. Let Vi = (V1i, V2i, ..., V|S|i)>, ui = (u1i(σ), u(σ)2i, ...u|S|i(σ))>,
and let Φ be the matrix of state transition probabilities under σ, so that [Φ]s,s′ = φs)s′(σ). Now,
equations (1a) for all agents of player i together read

Vi = ui + δiΦVi

which is equivalent to

Vi = (I − δiΦ)−1ui =
∞∑
t=0

(δiΦ)tui

The inverse used above always exists, since Φ is a transition matrix and δi < 1.
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As mentioned before, this definition requires optimal play in all states, even those
never reached in equilibrium. Stationary equilibria are therefore subgame-perfect
and independent of the distribution over the initial state.

3. The homotopy function

3.1. Auxiliary games

We take as given a finite stochastic game G and a prior vector ρ ∈ ∆(A), which
can be chosen freely.11A homotopy parameter t ∈ [0, 1] is introduced to define a family
of auxiliary games, Gt, each of same dimensions as G. In these games, all players i
choose their strategy σi to maximize against a belief that others play according to
ρ−i with probability (1 − t) and according to σ−i with probability t. If players face
more than one opponent, one needs to specify how exactly this belief is constructed.
We follow Harsanyi and Selten (1988) by assuming correlation across opponents: The
belief entails that either all or none of the others follow ρ. The alternative would
have each individual opponent follow ρ with probability (1− t). Nothing rests on this
decision. In stochastic games, a similar distinction has to be made regarding periods:
One possibility is that opponents either follow or do not follow ρ in all future stages,
the other that this is resolved independently, period by period, so that beliefs are
uncorrelated across time. Following the convincing arguments by Herings and Peeters
(2003), we will assume the latter, as otherwise best responses in stationary strategies
need not exist.

According to these beliefs, one obtains from G and ρ transition probabilities

φ̄ts)s′(σs) := tφs)s′(σsi,σs,−i) + (1− t)φs)s′(σsi,ρs,−i)

and instantaneous payoff functions

ūtsi(σs) := tusi(σsi,σs,−i) + (1− t)usi(σsi,ρs,−i)

which so far correspond exactly to the auxiliary games used in the linear stochastic

11The priors ρ can be understood as a shared first belief of players’ likely actions in all states.
The assumption that priors are shared by all players is in line with Harsanyi and Selten (1988); it
also eases exposition. However, none of our results rely on it, and all could be obtained with one set
of priors per player.
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tracing procedure by Herings and Peeters (2004). Our logarithmic variant then further
adds a logarithmic penalty term to instantaneous utilities:

ûtsi(σs) := ūtsi(σs) + (1− t)η
∑
a∈Asi

νsia log(σsia)

To ensure the logarithmic terms are well-defined, players will be restricted to com-
pletely mixed strategies (with σsia > 0 for all s, i, a) as long as t ∈ [0, 1) and η > 0.
Note that for t = 1, penalties and terms depending on the prior drop out, so that
û1 =u and φ̄1 =φ, which corresponds to the original game. For η=0, only the penal-
ties drop out, so that ût|η=0 = ūt, which again corresponds to the linear stochastic
procedure. In both limiting cases, utilities are well-defined for pure strategies, so that
the restriction is not necessary.

One may interpret the logarithmic penalties as a form of control cost, which is
minimized when mixing all actions and increases as a pure strategy is approached.
Their main purpose is, however, to ensure that the system defines a homotopy path
that is smooth and interior, and that all agents always have a unique best response.

Each penalty term is weighted by νsia, where ν ∈ R|A|>0 is a vector of parameters
with one entry for each action of G. The purpose behind these weights is to guarantee
that the path is indeed regular, which is the case for any generic ν as shown later on.12

Multiplication by (1− t) ensures that the penalty smoothly fades out as t approaches
1, just as the influence of ρ does: It is easily seen that limt→1(φ̄t, ût) = (φ, u) pointwise
(on the domain of completely mixed strategies, where û is well-defined). The penalty
is further weighted by η, a positive real number; once we have discussed properties
for any given η > 0, we will consider behavior of the system as η goes to zero. Note
that limη→0(φ̄t, ût) = (φ̄t, ūt) pointwise. This already suggests that the method of
Herings and Peeters (2004) arises as a limiting case of the logarithmic procedure, a
relationship that will be established formally in Section 5.

These auxiliary games Gt with t < 1 are not strictly speaking finite stochastic
games as defined in the preceding section, because different players face different
transition probabilities. Moreover, instantaneous utilities of the auxiliary games are

12In the logarithmic procedure of Harsanyi and Selten (1988) for normal form games, the corre-
sponding terms are given by νia = νi = max ui−min ui and simply serve to normalize the penalty.
However, with such a specification the path is not necessarily well-defined for all games and priors
(contrary to the claims of the authors).
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not defined for pure strategies and are not linear in σsi. Nevertheless, one can just
as well consider equilibria in stationary strategies.

3.2. Auxiliary equilibria and the homotopy function H

In a stationary equilibrium of an auxiliary game, each player chooses σi such that
in each state, total discounted utility is maximized given beliefs constructed from
(σ−i,ρ−i, t). Put formally, a set of strategies σ and an associated vector of state-
player values V are an equilibrium of Gt if and only if they solve, for each agent
(s, i) ∈ S×I:

maximize
σsi

Vsi (2a)

s.t. Vsi = ūtsi(σs) + δi
∑
s′∈S

φ̄ts)s′(σs) Vs′i + (1−t)η
∑
a∈Asi

νsia log(σsia) (2b)
∑
a∈Asi

σsia = 1 (2c)

σsia > 0 ∀a ∈ Asi (2d)

Equilibrium exists for all t. As this will follow naturally as corollary of Proposi-
tion 4 later on, we omit direct proof here.13

The logarithmic stochastic tracing procedure consists of tracing a curve of equilib-
ria starting at t = 0 until an equilibrium of the original game is reached at t = 1. This
is done using the homotopy function H(σ,V , t). Its domain reflects the restrictions
σsia > 0 for t < 1 and σsia ≥ 0 at t = 1:

H :
(

(0, 1]|A| × R|S×I| × [0, 1)
)
∪
(

[0, 1]|A| × R|S×I| × {1}
)
→ R|A|+|S×I|

H has one component for each state-player-pair:

Hσ
si(σ,V , t) :=

∑
a∈Asi

σsia − 1 (3a)

13Such proof could proceed as follows: (i) show that for some ε > 0, any strategy with any σsia < ε
is dominated, as the logarithmic penalty outweighs any direct utility from a. (ii) Apply Brouwer’s
fixed point theorem to the now compact strategy space [ε, 1]|A|.
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and one for each action of the original game:

HV
sia(σ,V , t) := σsia

−Vsi + ūtsi(a,σs,−i) + δi
∑
s′∈S

φ̄ts)s′(a,σs,−i) Vs′i

 (3b)

+ (1− t)η
(
νsia + σsia

∑
a′∈Asi

νsia′
[
log(σsia′)− 1

])

= σsia

(
− Vsi + Ū t

si(a,σs,−i,Vi)
)

+ (1− t)η
(
νsia + σsia

∑
a′∈Asi

νsia′
[
log(σsia′)− 1

])

The last equality above simply introduces the following shorthand notation:

Ū t
si(σs,Vi) := ūtsi(σs) + δi

∑
s′∈S

φ̄ts)s′(σs) Vs′i

By construction, the zero set of H exactly coincides with the set of equilibria of
all auxiliary games:

Proposition 1. For t ∈ [0, 1), (σ,V ) is an equilibrium of Gt if and only if
H(σ,V , t) = 0.

Proof: See Appendix A, where H is derived from the necessary and sufficient condi-
tions of the maximization problem (2). �

At t = 1, H = 0 is still necessary but no longer sufficient for an equilibrium. As the
logarithmic penalty terms vanish, the resulting equations (3b) require that all actions
a played by an agent (s, i) with strictly positive probability (σsia > 0) yield the same
total discounted payoff, namely Vsi. This is clearly necessary for equilibrium, but
not sufficient, as it allows strictly better actions to be played with zero probability.
Thus, H|t=1 = 0 characterizes points which are stable under replicator dynamics; in
addition to the actual equilibria, these include for example all pure strategy profiles.

Before discussing the homotopy path induced by H in the next section, we will
briefly show that state-player values Vsi are bounded in equilibrium. From a vector
representation of (2b) one obtains (compare footnote 10):

Vi = ûti(σ) + δiΦt(σ)Vi =
(
I − δiΦt(σ)

)−1
ûti(σ)

12



Recall that û includes both linear and logarithmic parts of instantaneous utility.
Clearly, Vi must be bounded from above since ûti(σ) is bounded from above and
δi < 1. An upper bound for all entries of Vi is then

Vsi ≤
1

1− δi
max
s,σs

ûtsi(σs)

While ûti does not have a lower bound due to the logarithmic penalty terms, in
equilibrium Vi will nevertheless be bounded from below. Intuitively, the players can
always guarantee some finite utility for themselves. To see this, pick an arbitrary
interior strategy ci for player i, e.g. the centroid strategy with csia = 1

|Asi| . Any
solution to (2) must then have as lower bound

Vi = max
σi

(
I − δiΦt(σi,σ−i)

)−1
ûti(σi,σ−i)

≥
(
I − δiΦt(ci,σ−i)

)−1
ûti(ci,σ−i) > −∞

To obtain uniform bounds for Vi in any equilibrium in any Gt, simply take the max-
imum of the upper bound over t ∈ [0, 1], and likewise take the minimum of the lower
bound over t ∈ [0, 1] and σ−i ∈ [0, 1]|A−i|. Continuity and compactness ensure that
both exist.

4. The solution path for given η > 0

We will now show that the set of equilibria of Gt always contains a unique, smooth,
and isolated path connecting the unique equilibrium of G0 to an equilibrium of the
original game G. These properties make the homotopy function H a valuable tool
not only for computation, but also for the selection from among the potentially many
equilibria of G.

This section establishes existence of such a path for any given η > 0. Later in
Section 5, we will study the behavior of the solution system as η → 0.

It will be helpful to define the sets

Y := (0, 1]|A| × R|S×I| × [0, 1) and Y 1 := [0, 1]|A| × R|S×I| × {1}

The solution set discussed in this section is then

Z :=
{

(σ,V , t) ∈ Y | H(σ,V , t) = 0
}

13



We will show that if ν is suitably chosen, 0 is a regular value of H on Y , so that Z
consists of isolated, smooth arcs only. Moreover, there is always a unique solution
at t = 0, which is connected by one such path to an equilibrium of G, which we will
call distinguished. Tracing this path allows to compute the distinguished equilibrium
numerically.

Proposition 2. H|t=0 = 0 has a unique solution.

Proof: In G0, there is no strategic interaction, and each player faces a discounted
Markov decision problem. It is straightforward to show that a unique vector V 0

i ∈ R|S|

of state values exists for each of these problems; this is spelled out in Appendix B.1.
Due to the logarithmic penalty terms, utility in each state is strictly concave in σsi,
so that optimal policies of all players must also be unique. �

This solution will be called the starting point, (σ0,V 0), in what follows. Appendix B.2
details how it can be computed efficiently.

Proposition 3. For generic ν, 0 is a regular value of H|Y .

Proof: The Jacobian of H(σ,V , t,ν) has full rank everywhere in Y , which is shown
in Appendix D. This allows application of the parametrized Sard’s theorem (Chow
et al., 1978, Theorem 2.1, p. 891). Consequently, the set of ν for which H|Y = 0 is
regular has full Lebesgue measure in R|A|>0. �

Corollary: Due to the regularity of H = 0, the implicit function theorem is appli-
cable at any point contained in Z, so that Z must consist of a collection of isolated
paths and loops. In effect, each path or loop can be represented as a function in
a single variable; and since H is real analytic, so are these functions. Regularity
further allows application of the route-loop-theorem (Eaves and Schmedders, 1999,
Theorem 1, p. 1264), which implies that these paths can not form spirals or suddenly
end in the interior of Y . The endpoints of any path in Z must therefore lie on the
boundaries of Y .

Proposition 6 will later show that the collection is finite, and that each path or
loop contained in Y is of finite arc length.

In all that follows we will assume that ν is generic.

14



Proposition 4. For generic ν, Z contains exactly one path that starts transversally
at (σ0,V 0) and ends in a point in Y 1, called the distinguished path. Any other path
contained in Z either connects two points in Y 1, or is a closed loop.

Proof: By the previous proposition, any path that is not a loop must eventually
leave Y or go off to infinity in some direction. Since H is in particular also regu-
lar at the starting point (σ0,V 0, 0), the route-loop theorem (Eaves and Schmedders,
1999, Theorem 1, p. 1264) ensures that a single path crosses the boundary at t = 0
transversally: This path cannot be a loop. Since that point is unique, the path cannot
return to t = 0 and no other path can cross the boundary at t = 0. All σ are bounded
in (0, 1], and equal to 1 only if the respective action set is a singleton: No path can
leave Y in these directions. Likewise, all Vsi are bounded in equilibrium, which was
shown in Section 3.2. The path starting at (σ0,V 0) must therefore eventually reach
Y 1. Any other path must be a closed loop, or eventually reach Y 1 when followed in
either direction. �

Corollary: Equilibrium exists for all Gt. By Proposition 1, (σ,V ) is an equilibrium
if and only if H(σ,V , t) = 0, and the existence of the distinguished path implies that
H has at least one zero for any t ∈ [0, 1).

For t < 1, H = 0 is both necessary and sufficient for an equilibrium of Gt. At
t = 1, it is no longer sufficient (see the discussion following Proposition 1). However,
the next proposition shows that any point in Y 1 which is the endpoint of a path
contained in Z must be an equilibrium of G1 = G.

Proposition 5. If (σn,V n, tn) is a sequence in Z with limit (σN ,V N , 1), then
(σN ,V N) is an equilibrium of G. Therefore, any path in Z that reaches the boundary
at t = 1 must do so at an equilibrium of G.

Proof: Conditions for stationary equilibria of G were stated in equation (1) and are re-
peated here for better readability: σN ,V N are an equilibrium if, for each (s, i) ∈ S×I,

V N
si = usi(σNs ) + δi

∑
s′∈S

φs)s′(σNs ) V N
s′i = Usi(σNs ,V N

i ) (4a)
∑
a∈Asi

σNsia = 1 (4b)

σNsia ≥ 0 ∀a ∈ Asi (4c)
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Usi(a,σNs,−i,V N
i ) ≥ Usi(a′,σNs,−i,V N

i ) ∨ σNsia = 0 ∀a, a′ ∈ Asi (4d)

(4a) follows from each (σn,V n, tn) satisfying constraint (2b), which is continuous,
with limt→1 Ū

t = U pointwise on Y . Likewise, (4b) holds for all σnsi by (2c). σn > 0
ensures (4c). Regarding (4d), for any pair of actions a, a′ of any agent (s, i), consider
the equation

σnsia′H
V
sia(σn,V n, tn)− σnsiaHV

sia′(σn,V n, tn) = 0

which must hold for all n because (σn,V n, tn) ∈ Z implies H(σn,V n, tn) = 0.
Spelling out this equation gives:

σnsiaσ
n
sia′

(
Ū tn

si (a,σns,−i,Vi)− Ū tn

si (a′,σns,−i,Vi)
)

+ (1− tn)η(νsiaσnsia′ − νsia′σnsia) = 0 (5)

tn → 1 then implies

lim
n→∞

σnsiaσ
n
sia′

(
Ū tn

si (a,σns,−i,V n
i )− Ū tn

si (a′,σns,−i,V n
i )
)

= 0

and at least one factor must go to zero. If

lim
n→∞

(
Ū tn

si (a,σns,−i,V n
i )− Ū tn

si (a′,σns,−i,V n
i )
)

= 0,

then (4d) holds immediately. If conversely and without loss of generality

lim
n→∞

(
Ū tn

si (a,σns,−i,V n
i )− Ū tn

si (a′,σns,−i,V n
i )
)
> 0, (6)

(4d) is still satisfied unless

lim
n→∞

σnsia′ > 0 = lim
n→∞

σnsia (7)

However, if (6) and (7) both hold, the first and the second summand in (5) must be
strictly positive for n sufficiently large. This is a contradiction. �

Proposition 6. For generic ν, all paths and loops contained in Z are of finite arc
length.

Proof: If H = 0 is regular on Y ∪Y 1, (i.e. the Jacobian J(σ,V , t) has full rank at all
points (σ,V , t)∈Y ∪ Y 1), this follows immediately from Watson (2002, Theorem 2.3
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(4), p. 788). However, if game or prior are not generic, it is well possible that H
is not regular on Y 1. Nevertheless, arc lengths will still be finite by the following
argument.

We proceed by showing that any path in Z has a finite number of turning points
in any dimension. Let k represent any σsia, any Vsi, or t; a turning point in variable k
is a point in which a path changes direction in that dimension. A necessary condition
for a turning point is det(J−k) = 0, where J−k is the square matrix obtained from
the Jacobian J(σ,V , t) by deleting the column which contains the partial derivatives
with respect to k.14 Remember that σ, V , and t along any path can be represented
as a real analytic function of a single variable, namely path length (see the corollary
to Proposition 3). As compositions of real analytic functions, all sub-determinants
are also real analytic in path length, so that the real analytic identity theorem ap-
plies: Each sub-determinant is either zero along the complete path (in which case the
respective variable is constant on that path, and no turning points exist), or its zero
set along the path consists of isolated points.

Applying a change of variables, it can be shown that in the latter case, the zero
set must be finite. Namely, replace σsia =: exp(βsia) in H and J . Because σsia > 0,
this transformation is a homeomorphism, and the zero sets we are interested in are
topologically unchanged. It is readily seen that all components of H and all sub-
determinants of J after this substitution are exponential polynomials in (β,V , t).15

Khovanski’s theorem (Marker, 1996, p. 757) states that the zero set of any set of ex-
ponential polynomials consists of finitely many connected components. This applies
to the systems given by H = 0 and det(J−k) = 0 for any k. Since turning points
are elements of these zero sets, and they are isolated as shown above, Z contains at
most a finite number of turning points in any direction k. The distinguished path
can thus be partitioned into a finite number of segments joining the starting point,
a finite sequence of turning points (possibly none), and the endpoint. Each of these
segments is bounded in length, because Z is bounded (and the segments themselves
contain no turning points). It follows that total path length is also finite. �

14Appendix E offers a brief sketch of the significance of these sub-determinants to readers less
familiar with homotopy methods.

15Exponential polynomials in a set of variables may be defined recursively as follows: (i) All
polynomials in these variables are exponential polynomials. (ii) Furthermore, if x, y are exponen-
tial polynomials, then xy, x + y, and ex are also exponential polynomials. (iii) Only expressions
obtainable from (i) and (ii) are exponential polynomials.
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Corollary: The preceding application of Khovanski’s theorem further shows that
the number of paths and loops contained in Z is also finite, since each path or loop
contains at least one turning point in t (the only exception may be the distinguished
path). Moreover, since all paths together contain a finite number of turning points
in t, the number of equilibria of any Gt, with t < 1, is finite.

Summary of first main result: For any given game G, any prior ρ, parameter
η > 0, and generic ν ∈ R|A|>0, the solution set Z = H−1(0)∩Y is well-structured in the
sense that it consists solely of smooth, isolated paths of finite length. In particular,
it always contains a specific curve L which connects the unique solution at t = 0,
(σ0,V 0, 0), to a point (σ∗,V ∗, 1) ∈ Y 1, called the distinguished equilibrium of G. L
is a real analytic curve, as it is implicitly defined by H = 0, which is real analytic
and regular. Appendix E gives an explicit construction of L.

Notably, following this path allows to efficiently compute at least one stationary
equilibrium of any finite stochastic game. Since the path and thereby the distin-
guished equilibrium depend on the choice of ρ, which is free, additional equilibria can
potentially be found by searching the prior space. (However, there is no guarantee
that all equilibria of a game can be found in this manner.)

Computationally, the path can be traced using standard numerical continuation
methods; an implementation for arbitrary finite stochastic games is provided by
Eibelshäuser and Poensgen (2019). We report timings in Appendix F.

5. The limiting solution curve as η → 0

We now discuss the behavior of the solution curve as the logarithmic penalty terms
in the auxiliary games are faded out. As before, a game G, an arbitrary prior ρ, and a
generic vector of weights ν are taken as given. In the previous section we have shown
that fixing some η > 0 gives rise to a well-defined curve Lη; we will now study their
limit

L0 := lim
η→0

Lη

As outlined in the introduction, the present method has a close relation to the
linear stochastic tracing procedure (Herings and Peeters, 2004), which resembles the
relation of the logarithmic to the linear tracing procedure for normal form games
(Harsanyi and Selten, 1988). This will now be established formally.
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The linear stochastic procedure constructs auxiliary games from a prior just as
described in section 3.1, however without the logarithmic penalties (corresponding to
η = 0). For generic G and ρ, it also guarantees existence of a unique starting point
for t = 0, and of a piecewise algebraic path connecting this point to a stationary
equilibrium of G. However, if game or prior are not generic, the solution set of
its defining equations may not be well-behaved: It may contain multiple starting
points or uncountable sets thereof; its paths may contain branching points; and the
solution set may contain manifolds of dimension higher than one. In these cases, the
linear procedure is not well-defined: It will fail to select a unique equilibrium, and in
particular the application of numerical continuation methods is generally not feasible.

In the preceding section it was shown that the present method removes these
problems and is always well-defined. Nevertheless, our method retains a close con-
nection to the linear procedure. In particular, the limiting curve of the logarithmic
procedure, L0, will always be contained in the solution set of the linear procedure.
If the linear method is well-defined, meaning it contains a unique solution path, L0

will be identical to this path. If on the other hand the linear solution set includes
multiple starting points, branching points, or higher-dimensional sets, there will be a
multitude of paths connecting t = 0 and t = 1. In this case L0 can be considered a
unique selection from these.

To proceed, we first establish existence and some properties of L0.

Proposition 7. For generic ν, L0 = limη→0 L
η exists.

Proof: Because this proof is somewhat lengthy, it is presented in steps 7.1.–7.5. We
will consider H again, but this time taking η as an argument rather than a fixed
parameter. Because an open domain will be needed, Y × (0,∞) is padded by some
ε > 0 in the relevant directions to obtain

D := (0, 1 + ε)|A| × R|S×I| × (0− ε, 1)× (0,∞)

Now consider the zero set of the homotopy function H on D,

Z̃ := {(σ,V , t, η) ∈ D | H(σ,V , t, η) = 0}

which again is well-structured in the following sense:
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Lemma 7.1. For generic ν, Z̃ is a smooth, 2-dimensional manifold.
This follows again from parametrized Sard’s theorem (Chow et al., 1978, Theorem

2.1, p. 891), which is applicable since the Jacobian of H(σ,V ,ν, t, η) is of full rank
on D, as shown in Appendix D. (Clearly, adding a column can not reduce the rank
of J .)

Lemma 7.2. For any η > 0, H|t=0 = 0 defines a unique starting point (σ0(η),V 0(η)).
All starting points lie on a single connected component of Z̃.

Existence and uniqueness were shown in Proposition 2. Connectedness follows
from continuity in η, which can be shown as follows. Recall that for t = 0, each player
simply solves a Markov decision problem with total discounted utilities Ui(σi,ρ−i)
continuous in η. Because the optimal policies σ0 are always unique, they must also
depend continuously on η. The same then holds for V 0, which is a continuous function
of σ0. (Note that this specific result does not require ν to be generic.)

Lemma 7.3. For all but finitely many η ∈ (0,∞), a well-defined curve Lη exists,
with all properties discussed in Section 4. This allows to find η̄ > 0 so that Lη is
well-defined for all η ∈ (0, η̄).

Before proving this statement, we should briefly point out why it is necessary
at all. In Section 4, it was shown that when fixing any η and generic ν, the curve
Lη is always well-defined. However, if one then begins to vary η continuously, while
keeping ν fixed – as this section intends – one may encounter some values for which
the restricted zero set

Zη :=
{

(σ,V , t) | (σ,V , t, η) ∈ Z̃
}

is not regular (i.e. not a 1-dimensional manifold). For these, Lη need not be well-
defined. The singular points generally have the character of pitchfork bifurcations,
as sketched in Figure 1. However, the current lemma implies that this is poses no
problem to the question of convergence as η → 0, as Lη is well-defined for all η
sufficiently small.

We now turn to proving Lemma 7.3. Denote by J−η,−k the square matrix obtained
from the Jacobian of H by removing those two columns corresponding to η and k,
where k represents any σsia, any Vsi, or t. Points in whose neighborhood Zη is not
necessarily a 1-dimensional manifold are characterized by H = 0 and det(J−η,−k) = 0
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t = 0
σ, V

t = 1

t

η < η̂

σ, V

Stationary
equilibria of G

η = η̂

Singularity

σ, V

η > η̂

Figure 1: Example of a pitchfork bifurcation one may encounter as η is continuously decreased.
A singular point exists at η̂, so that for this value, the curve Lη is not well-defined; for η smaller
or larger, the singularity disappears. Note that the point in question is not a singularity of the
2-dimensional manifold Z̃, which by Lemma 7.1. is regular for generic ν.

for all k. The set of all such points will be denoted S ⊂ Z̃.
We will first show that the manifold Z̃ must be orthogonal to the η-axis in any

point (x̂, η̂) := (σ̂, V̂ , t̂, η̂) ∈ S, or equivalently, the tangent space of Z̃ at that point is
entirely contained in the hyperplane characterized by η = η̂, which we will denote E.
The tangent space is simply the kernel of the Jacobian J of H, so that the statement
translates to ker (J(x̂, η̂)) ⊆ E. Note that the restriction of the kernel to E must
have dimension at least 2, i.e. dim (ker (J(x̂, η̂) ∩ E)) ≥ 2 (if it had dimension 1, x̂
could not be a singular point of Z η̂). At the same time, Z̃ is a smooth 2-dimensional
manifold everywhere on D (Lemma 7.1), so that dim (ker(J(x̂, η̂))) = 2. Together,
these dimensional requirements imply ker (J(x̂, η̂)) ⊂ E, proving orthogonality.

Since Z̃ is a manifold, there exists a neighborhood of (x̂, η̂) on Z̃ which is path
connected. By the preceding argument, the tangent space at any point in S is or-
thogonal to the η-axis; thus, any path on Z̃ joining (x̂, η̂) to another point in S must
either remain in the hyperplane characterized by η = η̂, or leave S. In consequence,
each connected component of S must be confined to one such hyperplane. Since S
is the zero set of the exponential polynomials H and the sub-determinants of J , the
number of connected components is finite by Khovanski’s theorem (Marker, 1996,
p. 757), so that Lη must be well-defined for all but a finite number of values of η.
This completes proof of Lemma 7.3.

Lemma 7.4. The curves Lη are uniformly bounded for η ∈ (0, η̄). Furthermore, a
uniform bound ¯̀ exists for the arc lengths `η of these curves.
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The curves consist of equilibria of the respective auxiliary games. At the end of
Section 3.1, we showed that values are bounded in equilibrium for given η. Continuity
allows to obtain a uniform bound by simply take the minimum of the lower and the
maximum of the upper bound over [0, η̄].

We will denote by `η the arc length of each curve Lη. Proposition 6 showed that
`η is always finite; a similar argument establishes a uniform bound ¯̀ for η ∈ (0, η̄).
Recall that turning points of Lη are characterized by H = 0 and one sub-determinant
of J crossing 0; both conditions can be expressed as exponential polynomials (see
Proposition 6 for details). By Khovanski’s theorem, the number of connected compo-
nents of these zero sets is bounded from above by a function of the complexity of the
system (Hovanskii, 1980, Theorem 4; Marker, 1996, p. 757). Because the complexity
does not vary with η ∈ (0, η̄), the number of turning points is uniformly bounded
from above. Together with all Lη being uniformly bounded, this implies that total
arc length of the curves has an upper bound ¯̀.

Bounding total arc length allows to parametrize the curves Lη, η ∈ (0, η̄), as a
family of functions on the real interval [0, ¯̀] in the following way. For s ∈ [0, `η],
let Lη(s) be the point with distance s from the starting point, measured along the
curve, so that Lη(0) is its starting point and Lη(`η) its distinguished equilibrium (see
Appendix E for a more explicit construction). For s ∈ [`η, ¯̀], simply set Lη(s) :=
Lη(`η). Convergence can now be shown as follows.

Lemma 7.5. Let (η1, η2, ...) be a decreasing sequence in (0, η̄) with limit 0. Then
the sequence (Lη1 , Lη2 , ...) converges uniformly to some continuous function L0.

By Lemma 7.4, the family of functions Lη(s) is uniformly bounded. Being parame-
trized in arc length, each Lη is Lipschitz continuous with constant 1; thus, the the
family is uniformly equicontinuous. By Arzelà–Ascoli (Rudin, 1976, Theorem 7.25),
each sequence from Lη must have a subsequence converging uniformly to some con-
tinuous function.

It remains to be shown that the subsequential limit is in fact unique as η → 0.
Consider a sequence (Lη1 , Lη2 , ...) with η1 > η2 > ..., and suppose without loss of
generality that the odd terms converge to some path L0

odd, while the even terms
converge to L0

even. The following shows that these paths must have identical images,
i.e. parametrize the same curve. Assume to the contrary that there exists a point x =
(σ,V , t) ∈ ImL0

even which is not in ImL0
odd. Then there exists an open neighborhood
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of x which does not intersect ImL0
odd (the latter is closed due to continuity). Any

such neighborhood intersects only finitely many odd members of the sequence, but
an infinite number of even members; this allows to find a hypersphere Sx centered
at x for which the same holds. We now consider (σ,V , t, η)-space, where the curves
Lη × {η} are contained in Z̃. The set Z̃ ∩ (Sx × (0, η̄)) must have an infinite number
of connected components, because for i sufficiently large, the intersection is empty
at all odd ηi, and nonempty at all even ηi. Since both Z̃ and Sx are the zero set
of exponential polynomials, this is a contradiction by Khovanski’s theorem (Marker,
1996, p. 757). This completes the proof of Proposition 7. �

Now that existence of the limiting curve is established, we turn to its properties.
By the following proposition, its endpoint is an equilibrium of the original game.

Proposition 8. L0(¯̀) is a stationary equilibrium of G.

Proof: L0(¯̀) is the limit of a sequence
{
Lη(¯̀)

}
. Since each Lη(¯̀) is an equilibrium

of G and the set of equilibria is closed, L0(¯̀) must likewise be an equilibrium of G.�

Finally, we show that the curve L0 is contained in the solution set of the linear
procedure. This set is simply the set of equilibria for the auxiliary games Gt for
t ∈ [0, 1] as defined in section 3.1, but with η = 0. Call these games Gt0.

Proposition 9. Fix any t and take any sequence (σn,V n, t, ηn) → (σN ,V N , t, 0)
with (σn,V n, t) ∈ Lηn . Then (σN ,V N) is an equilibrium of Gt0.

Proof: Similar to Proposition 5. The pair (σN ,V N) forms an equilibrium of Gt0 if
and only if for all (s, i) ∈ S×I:

V N
si = ūtsi(σNs ) + δi

∑
s′∈S

φ̄ts)s′(σNs ) V N
s′i = Ū t

si(σNs ,V N
i ) (8a)

∑
a∈Asi

σNsia = 1 (8b)

σNsia ≥ 0 ∀a ∈ Asi (8c)

Ū t
si(a,σNs,−i,V N

i ) ≥ Ū t
si(a′,σNs,−i,V N

i ) ∨ σNsia = 0 ∀a, a′ ∈ Asi (8d)

Since (σn,V n, t) ∈ Lηn , each such point satisfies the constraints (2b–d), which cor-
respond to (8a–c) as η → 0. Finally, (8d) can be established similarly as in Proposi-
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tion 5. For any pair of actions a, a′ ∈ Asi, we must have

σnsia′H
V
sia(σn,V n, tn)− σnsiaHV

sia′(σn,V n, tn) = 0

for all n and therefore

σnsiaσ
n
sia′

(
Ū t
si(a,σns,−i,V n

i )− Ū t
si(a′,σns,−i,V n

i )
)

+ (1− t)ηn(νsiaσnsia′ − νsia′σnsia) = 0 (9)

ηn → 0 then implies

lim
n→∞

σnsiaσ
n
sia′

(
Ū t
si(a,σns,−i,V n

i )− Ū t
si(a′,σns,−i,V n

i )
)

= 0

and at least one factor must go to zero. If

lim
n→∞

(
Ū t
si(a,σns,−i,V n

i )− Ū t
si(a′,σns,−i,V n

i )
)

= 0,

then (8d) holds immediately. If conversely and without loss of generality

lim
n→∞

(
Ū t
si(a,σns,−i,V n

i )− Ū t
si(a′,σns,−i,V n

i )
)
> 0,

(8d) is still satisfied unless

lim
n→∞

σnsia′ > 0 = lim
n→∞

σnsia

However, if both limits are positive, both summands in equation (9) must eventually
be positive. This is a contradiction. �

Corollary: The limit curve L0 is contained in the solution set of the linear stochastic
tracing procedure. In particular, whenever the latter defines a unique, isolated path
connecting t = 0 and t = 1, then L0 must be identical to that path. Otherwise, it
will be a selection from among the multitude of paths connecting t = 0 and t = 1 in
the linear solution set. Note that this selection may depend on ν.

Summary of second main result: As this section has shown, the solution curve
of the stochastic logarithmic tracing procedure smoothly approaches a limiting curve
L0 as η ↘ 0. This curve exists for any game and any prior, and its endpoint L0(1) is
a stationary equilibrium of G. In this manner, the procedure always selects a specific
equilibrium for any given G and ρ.
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L0 is always contained in the solution set used by the linear tracing procedure for
stochastic games. In consequence, both methods agree in their selection whenever
the linear variant is well-defined. On the other hand, for games and priors where the
linear procedure does not induce a unique, isolated solution curve and thus also fails
to provide a unique selection, the logarithmic procedure circumvents these issues.
Still, it stays as close in spirit as possible: Its limiting path is then one of the many
paths suggested by the linear variant.

6. Conclusions

This paper introduces the logarithmic tracing procedure for stochastic games, a
homotopy method for the computation and selection of at least one stationary equilib-
rium of any finite discounted stochastic game. Because the solution path is guaranteed
to be isolated and smooth, the method is well-suited for numerical application.

The homotopy function is constructed from the equilibrium conditions of auxiliary
games, in which players maximize against a convex combination of a prior ρ and
other players’ best responses. Payoffs in the auxiliary games additionally include
logarithmic regularization penalties, which ensure that the path is isolated, interior,
and smooth. By varying the homotopy parameter t from 0 to 1, the methods proceeds
by tracing a path of auxiliary equilibria, until finally an equilibrium of the original
game is reached. Harsanyi and Selten (1988), who proposed a similar procedure
for normal form games, interpret the traversal of this path as a form of Bayesian
strategic reasoning in which priors are gradually transformed into equilibrium beliefs.
Consequently, they suggest to use their tracing procedure as a tool for equilibrium
selection. This interpretation of course carries over to our procedure for stochastic
games, as does the possibility to use it as a selection criterion.

The prior ρ used in the construction of auxiliary games can be chosen freely. The
method can therefore be used to find the equilibrium that results from a particularly
focal prior. By performing a grid search on the prior space, the present method
alternatively allows to approximate the basins of attraction of different equilibria in
size and shape.

The present method is a generalization of the linear procedure for stochastic games
by Herings and Peeters (2004), which is guaranteed to be well-defined only for generic
games and priors. Our method makes the same use of priors, but the addition of
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logarithmic penalties ensures regularity, so that it is applicable to any finite discounted
stochastic game.

The close relation between these methods can be shown formally when considering
the limiting curve L0, which is obtained by letting the weight on the penalty terms go
to zero. As we have shown, this curve is identical to the curve of the linear method
whenever the latter is well-defined. Consequently, the selected equilibria of both
methods then also coincide. In cases where the linear variant is not well-defined, L0

is always contained in its solution graph, so that it can be understood as a unique
selection from all paths and equilibria consistent with the linear method.

Beyond these theoretical considerations, the present method allows the efficient
numerical computation of stationary equilibria for stochastic games even of consid-
erable size. An open source, python-based implementation of the algorithm is made
publicly available by Eibelshäuser and Poensgen (2019). Benchmark timings are re-
ported in Appendix F.
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Appendix A. Derivation of the homotopy function

The Lagrangeans corresponding to the maximization problems stated in equation
(2) are given by

Ltsi = V t
si + αsi

[
− V t

si + ūtsi(σs) + δi
∑
s′∈S

φ̄ts)s′(σs) V t
s′i

+ (1− t)η
∑
a∈Asi

νsia log(σsia)
]

+ βsi

[ ∑
a∈Asi

σsia − 1
]

where αsi, βsi 6= 0 are the Lagrange multipliers of the two constraints (2b) and (2c).
Since the logarithmic penalty terms are strictly concave in σsi and all other terms are
linear in σsi, the Karush-Kuhn-Tucker conditions are both necessary and sufficient.
For each agent (s, i) ∈ S×I, they consist of the two constraints, as well as one equation
for each action a ∈ Asi:

∂Ltsi
∂σsia

= αsi

[
ūtsi(a,σsi) + δi

∑
s′∈S

φ̄ts)s′(a,σs,−i) V t
s′i + (1− t)ηνsia

σsia

]
+ βsi = 0

Multiplying each of these equations by the corresponding σsia and summing up over
a ∈ Asi yields

αsi

[
ūtsi(σsi,σs,−i) + δi

∑
s′∈S

φ̄ts)s′(σsi,σs,−i) V t
s′i + (1− t)η

∑
a∈Asi

νsia

]
︸ ︷︷ ︸

=V tsi−(1−t)η
∑

a∈Asi

νsia

[
log(σsia)−1

]
+ βsi

∑
a∈Asi

σsia︸ ︷︷ ︸
=1

= 0

and thus

βsi
αsi

= −V t
si + (1− t)η

∑
a∈Asi

νsia
[
log(σsia)− 1

]
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Replacing βsi
αsi

in the first order conditions ∂Ltsi
∂σsia

= 0 gives the following necessary and
sufficient conditions for all agents (s, i) ∈ S×I:

0 = −V t
si + ūtsi(a,σs,−i) + δi

∑
s′∈S

φ̄ts)s′(a,σs,−i) V t
s′i

+ (1− t)η
(
νsia
σsia

+
∑

a′∈Asi

νsia′
[
log(σsia′)− 1

])
∀ a ∈ Asi

0 =
∑
a∈Asi

σsia − 1

which characterize the set of stationary equilibria of the game Gt.
The homotopy function H is obtained by multiplying the right hand sides of the

former set of equations by the corresponding σsia, and then collecting all conditions
for all agents.

Appendix B. Initial value

Appendix B.1. Existence and uniqueness

This section shows that the auxiliary game G0 always has a unique equilibrium
(σ0,V 0). At t = 0, players maximize solely against their prior ρ−i, so that strategic
interaction is completely absent. Formally, each player faces a discounted Markov
decision problem with finite state space S, action spaces ∆(Asi), and state transition
functions φ̄0

s)s′(σsi) = φs)s′(σsi,ρs,−i). Instantaneous utilities are given by:

û0
si : ∆(Asi) → {−∞} ∪ R

σsi 7→ usi(σsi,ρs,−i) + η
∑
a∈Asi

νsia log(σsia)

For the purpose of proving existence, it is helpful to set log(0) :=−∞ and take the
extended real line {−∞}∪R as range for û, as indicated above. Note that still û <∞,
so that total expected discounted utilities are always well-defined. Denote as Û0

si(σi)
total utility under σi and beginning in state s, so that one obtains in vector notation:

Û 0
i (σi) =

(
Û0

1i(σi), Û0
2i(σi), . . .

)>
=
(
I − δiΦ(σi)

)−1
û0
i (σi)
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Any solution to the Markov decision problem of player i must then satisfy

Vsi = max
σi∈×s∈S ∆(Asi)

Û0
si(σi) ∀s ∈ S

Because Û0
si :×s∈S ∆(Asi) → {−∞} ∪ R is upper semi-continuous over a compact

domain, the respective version of the extreme value theorem guarantees that this
maximum exists (Bourbaki, 1966, Ch. IV, § 6, Theorem 3, p. 361). Moreover it must
be that Vsi > −∞, because an arbitrary interior strategy guarantees some finite total
discounted utility in every state, giving a lower bound for the maximized values.

Thus there exists a unique vector V 0
i ∈ R|S| of state values for each player. Given

this vector, optimal strategies σ0 are the solutions to

σ0
si = arg max

σsi∈∆(Asi)

usi(σsi,ρs,−i) + δi
∑
s′∈S

φs)s′(σsi,ρs,−i) V 0
s′i + η

∑
a∈Asi

νsia log(σsia)


Because the first two terms are linear in σsi, while the logarithmic term is strictly
concave, optimal strategies are also unique.

Appendix B.2. Computation

To compute initial values V 0 and strategies σ0, one can use standard value func-
tion iteration on the Bellman equation

V
(k+1)
si = max

σsi

[
usi(σsi,ρs,−i) + δi

∑
s′∈S

φs)s′(σsi,ρs,−i) V (k)
s′i + η

∑
a∈Asi

νsia log(σsia)
]

=: max
σsi

[
Uk
si (σsi) + η

∑
a∈Asi

νsia log(σsia)
]

where k counts iterations and Uk is simply a shorthand for the first two terms: The
linear part of instantaneous utility plus expected discounted future value under the
current estimate V (k). Introducing a multiplier γsi for the constraint ∑a σsia = 1,
necessary and sufficient first order conditions for each (s, i) are then

∂Uk
si (σsi)
∂σsia

+ ηνsia
σsia

= Uk
sia + ηνsia

σsia
= γsi ∀a ∈ Asi

∑
a∈Asi

σsia = 1
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Dropping indices s, i, and k, and labeling the strategies σ1, ..., σN with N = |Asi|,
the above implies

U1 + ην1

σ1
= Un + ηνn

σn
for n = 1, . . . , N

and thus

σn = νn
U1−Un

η
+ ν1

σ1

Plugging into the constraint gives an equation only in σ1:

f(σ1) :=
N∑
n=1

νn
U1−Un

η
+ ν1

σ1

− 1 = 0

If N = 1, then σ1 = 1. If N > 1, order strategies such that U1 − Un ≥ 0 for all n,
without loss of generality. The following shows that the equation then always has a
unique solution σ1 ∈ (0, 1). First, f is continuous and monotonously increasing on
the open unit interval:

f ′(σ1) =
N∑
n=1

η2ν1νn[
(U1 − Un)σ1 + ην1

]2 > 0

Secondly, behavior at the boundaries of (0, 1) is given by

lim
σ1→0

f(σ1) = −1

lim
σ1→1

f(σ1) =
N∑
n=1

νn
U1−Un

η
+ ν1

− 1 =
N∑
n=2

νn
U1−Un

η
+ ν1

> 0

By application of the intermediate value theorem, there exists a unique solution for σ1

in the unit interval (0, 1), which can be found by standard root-finding algorithms. All
other σn are then also uniquely determined by the first order conditions. Plugging
the optimal policy into the Bellman equation yields the next value iterate V (k+1).
Starting from an arbitrary V (0), e.g. the zero vector, this process can be repeated
until V has converged.
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Appendix C. Jacobian of H

The Jacobian matrix of H(σ,V ,ν, η, t) is

J : [0, 1]|A| × R|S×I| × R|A|+ × [0,∞)× [0, 1]→ R|A|+|S×I| × R|A|+|S×I|+|A|+2,

J(σ,V ,ν, η, t) =


∂HV

sia

∂σs′i′a′

∂HV
sia

∂Vs′i′

∂HV
sia

∂νs′i′a′

∂HV
sia

∂η

∂HV
sia

∂t

∂Hσ
si

∂σs′i′a′

∂Hσ
si

∂Vs′i′

∂Hσ
si

∂νs′i′a′

∂Hσ
si

∂η

∂Hσ
si

∂t



with

∂HV
sia(σ,V ,ν, η, t)
∂σs′i′a′

=



− Vsi + ūtsi(a,σs,−i) + δi
∑
s′′∈S

φ̄ts)s′′(a,σs,−i) Vs′′i

+ (1− t)η
(
νsia +

∑
a′′∈Asi

νsia′′
[
log(σsia′′)− 1

]) if s′ = s, i′ = i

and a′ = a

(1− t)ηνsia′
σsia
σsia′

if s′ = s, i′ = i

and a′ 6= a

tσsia

[
usi(asi, as,i′ ,σs,−{i,i′})

+ δi
∑
s′′∈S

φ̄ts)s′′(asi, as,i′ ,σs,−{i,i′}) Vs′′,i
] if s′ = s

and i′ 6= i

0 else

∂HV
sia(σ,V ,ν, η, t)

∂Vs′i′
=


σsia

(
δiφ̄

t
s)s′(a,σs,−i)− 1

)
if i′ = i and s′ = s

σsia δiφ̄
t
s)s′(a,σs,−i) if i′ = i and s′ 6= s

0 if i′ 6= i

∂HV
sia(σ,V ,ν, η, t)

∂νs′i′a′
=


(1− t)η

(
1 + σsia

[
log(σsia)− 1

])
if s′ = s, i′ = i and a′ = a

(1− t)ησsia
[
log(σsia)− 1

]
if s′ = s, i′ = i and a′ 6= a

0 if s′ 6= s or i′ 6= i
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∂HV
sia(σ,V ,ν, η, t)

∂η
= (1− t)

(
νsia + σsia

∑
a′∈Asi

νsia′
[
log(σsia′)− 1

])

∂HV
sia(σ,V ,ν, η, t)

∂t
= σsia

(
usi(a,σs,−i)− usi(a,ρs,−i)

+ δi
∑
s′∈S

[
φs)s′(a,σs,−i)− φs)s′(a,ρs,−i)

]
Vs′i

)

− η

(
νsia + σsia

∑
a′∈Asi

νsia′
[
log(σsia′)− 1

])

∂Hσ
si(σ,V ,ν, η, t)
∂σs′i′a′

=

1 if s′ = s and i′ = i

0 else

∂Hσ
si(σ,V ,ν, η, t)

∂Vs′i′
= ∂Hσ

si(σ,V ,ν, η, t)
∂νs′i′a′

= ∂Hσ
si(σ,V ,ν, η, t)

∂η
= ∂Hσ

si(σ,V ,ν, η, t)
∂t

= 0

Appendix D. Parametrized Sard’s theorem, full rank of Jacobian

In this section, we will show that a generalization of Sard’s theorem, known as
parametrized Sard’s theorem, applies to H. This proves that for generic ν, 0 is a
regular value of H.

To give an intuitive idea of this result, suppose one picked ν such that the solution
set to H|ν = 0 contained singularities; then these singularities must be unstable and
disappear with probability 1 when using a slightly perturbed vector ν + ε instead.
In consequence, it is sufficient to pick an appropriately randomized ν to ensure reg-
ularity. (For the purpose of numerical computation of equilibria, this may not even
be necessary. In our experience, simply setting all νsia to 1 poses no problem for
numerical continuation. The only singularities that we then encountered in extensive
testing were transversal bifurcations. These however pose no problem from a numeri-
cal perspective, as the path can simply be continued across such points. We failed to
create genuinely problematic singularities such as higher-dimensional subsets in the
solution space.)
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Parametrized Sard’s theorem (Chow et al., 1978, Theorem 2.1, p. 891) reads:

Let Y ⊂ Rm, V ⊂ Rq be open and let H : Y × V → Rp be Cr, r >
max{0,m − p}. If 0 ∈ Rp is a regular value of H, i.e. if the Jacobian J

satisfies rank (J(y,ν)) = p for all (y,ν) ∈ H−1(0), then for almost every
ν ∈ V , 0 is a regular value of Hν(·) = H(ν, ·).

The theorem applies to H on Y . First, H is smooth (C∞), so that the differentiability
requirement is met. Second, take ν ∈ V = R|A|>0 (or an arbitrary open subset thereof).
Third, to construct an open domain Y for (σ,V , t) which contains all auxiliary equi-
libria, one can use Y = (0, 1+ε)|A| × R|S×I| × (−ε, 1) with ε small and positive. As
desired, Z ⊂ Y . Finally, the following will show that the Jacobian J has full rank p
on (Y × V) ∩H−1(0).

Recall that the Jacobian is given by

J(σ,V ,ν, t) =


∂HV

sia

∂σs′i′a′

∂HV
sia

∂Vs′i′

∂HV
sia

∂νs′i′a′

∂HV
sia

∂t

∂Hσ
si

∂σs′i′a′
0 0 0


with the blocks detailed in Appendix C. First, consider the block

∂Hσ
si(σ,V ,ν, t)
∂σs′i′a′

=


1 . . . 1 0

. . .
0 1 . . . 1

 ∈ R|S×I|×|A|

which is clearly of full row rank. Next, consider the block

∂HV
sia(σ,V ,ν, t)
∂νs′i′a′

=


B1,1 0

. . .
0 B|S|,|I|

 ∈ R|A×A|

which is itself comprised of quadratic blocks Bsi. If an agent (s, i) has only a single
action, then Bsi = 0: These cases will be covered later. If |Asi| ≥ 2, then

Bsi = (1− t)η


1 + σsi1(log σsi1 − 1) σsi2(log σsi2 − 1) . . . σsi|Asi|(log σsi|Asi| − 1)
σsi1(log σsi1 − 1) 1 + σsi2(log σsi2 − 1) . . . σsi|Asi|(log σsi|Asi| − 1)

... . . . ...
σsi1(log σsi1 − 1) σsi2(log σsi2 − 1) . . . 1 + σsi|Asi|(log σsi|Asi| − 1)
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After subtracting the first row from each other row, one obtains the following arrow-
head matrix:

Bsi = (1− t)η
 D E

F G



= (1− t)η



1 + σsi1(log σsi1 − 1) σsi2(log σsi2 − 1) . . . σsi|Asi|(log σsi|Asi| − 1)

−1 1 0

. . .
. . .

−1 0 1


Because G is invertible, the determinant of each such block can be computed using
the Schur complement:

det(Bsi) = (1− t)η det
(
G
)

det
(
D − EG−1F

)
= (1− t)η

1 + σsi1(log σsi1 − 1)−
|Asi|∑
k=2
−σsik (log σsik − 1)


= (1− t)η

|Asi|∑
k=1

σsik log σsik < 0

The inequality follows from t ∈ [0, 1), η > 0, and σsia ∈ (0, 1). The blocks Bsi taken
together thus provide a basis for all rows that do not correspond to singleton actions.

To complete the proof for these, we use ∂HV
sia(σ,V ,ν,t)
∂Vs′i′

. Note that all entries are
zero for i 6= i′, so that one can treat players separately. Fix any i and consider only
those rows and columns corresponding to a state in which i has only a single action,
enumerated as s1, s2, . . . , sn. In these cases, σsia = 1, so that the resulting submatrix
is

δiφ̄i − In =



δiφ̄s1)s1 − 1 δiφ̄s1)s2 . . . δiφ̄s1)sn

δiφ̄s2)s1 δiφ̄s2)s2 − 1 . . .

. . .
. . .

δiφ̄sn)s1 . . . δiφ̄sn)sn − 1


We have δi < 1, and because φ̄i is part of a transition matrix, all entries are

between 0 and 1, with row sums less or equal to 1. This implies ||δiφ̄i||∞ < 1 in
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maximum absolute row sum norm. Therefore, the above matrix is invertible, with

(
δiφ̄i − In

)−1
= −

∞∑
m=0

(
δiφ̄i

)m
For each player, this gives a basis for the rows corresponding to singleton action

sets. Since all rows of J are covered now, the proof is complete.

Note that all preceding arguments apply just as well if one considers η as an
argument of H, rather than a fixed parameter, provided η > 0. The Jacobian
J(σ,V ,ν, η, t) likewise has full row rank for all (σ,V , t, η) ∈ Y × (0,∞). Appli-
cation of parametrized Sard’s theorem implies that for generic ν, the zero set of
H(σ,V , η, t) is a smooth, 2-dimensional manifold in the interior of Y × (0,∞). This
is used in Proposition 7.

Appendix E. ODE representation of Lη

Here we give an explicit representation of the curve Lη, parametrized in arc length.
This is done in the form of an ordinary differential equation (ODE); for a general
discussion of the results used here, see e.g. Zangwill and Garcia (1981).

To simplify notation for this purpose, we collect all the variables σsia, Vsi, and t in
a vector x ∈ RN+1, where N = |A|+ |S× I|. Similarly, enumerate the components of
H as H1, ..., HN . The Jacobian of H with respect to x is then a matrix J of dimensions
N × (N + 1). We denote by J−n the square submatrix obtained by dropping the nth
column from J .

By a well known application of the implicit function theorem, one can traverse
any solution path contained in H−1(0) by means of a system of ordinary differential
equations constructed from J , provided that J is of full rank N along this path. This
system is given by N + 1 equations

ẋn = (−1)n det
(
J−n(x)

)

Note that ẋ is simply a tangent vector of the path in point x. For a detailed exposition
and deductions, see Zangwill and Garcia (1981, equation 2.1.2, p. 26).

Since 0 is a regular value of H|Y , this applies to all paths contained in Z, and in
particular to the distinguished path starting at (σ0, V 0, 0) =: x0. All points on this
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path can be represented as the solution x(S) to an initial value problem, given by
x(0) := x0, and

xn(S) = x0
n ±

∫ S

0

ẋn(s)
‖ẋ(s)‖ds

where the sign before the integral is chosen such that t initially increases. Note that
the vector field is normalized, so that the curve is parametrized in arc length, and S

simply represents distance traveled along the curve.

This ODE can be used to compute the distinguished equilibrium numerically.
Finding a stationary equilibrium of some game G is generally a hard task, as it involves
solving a high-dimensional system of nonlinear equations. Standard methods to do so
require a good initial guess, which will usually not be available. Homotopy methods
such as the present one circumvent this problem: By construction, the starting point
is easy to compute. All that is left to do then is to calculate a sequence of points
along the distinguished path, a task that is much easier, because each such step can
start from a solution that is very close by. In effect, the global task of finding an
equilibrium of G is transformed into a sequence of local tasks.

Note that the prior vector can be chosen freely, for example as the centroid or some
other focal strategy. Alternatively, one can perform the procedure on a collection of
priors, e.g. by constructing a grid over the prior space. The procedure will potentially
find different equilibria for different priors, which allows to assess the respective sizes
of the basins of attraction of different equilibria.

Appendix F. Timings

Here we report performance of the logarithmic tracing procedure as a tool for the
computation of stationary equilibria. A numerical implementation of the procedure
is publicly available as part of the python package sgamesolver by Eibelshäuser
and Poensgen (2019, code at github.com/davidpoensgen/sgamesolver), alongside
other homotopy methods for finite discounted stochastic games. Required inputs are
simply u,φ, and ρ, which can be passed as arrays or as a table. (If desired also a
vector ν, although in our experience, simply setting ν = 1 works well.) The software
includes routines that compute H and J , as well as a path tracking algorithm.

For the timings reported here, games were drawn randomly according to the fol-
lowing specifications. Discount factors are fixed to δ = 0.95 for all players. Payoffs
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are independently and identically drawn from a uniform distribution over the unit
interval. In order sample transition probabilities uniformly from the unit simplex,
probabilities are drawn independently and identically from an exponential distribu-
tion and subsequently normalized such that transition probabilities sum up to one
for each state and action profile (Rubinstein and Melamed, 1998, algorithm 2.7.1).
As priors ρ, we take the centroid strategy profile, i.e. uniform mixing over available
actions. The remaining parameters are η = 0.1 and ν = 1.

Game sizes and timings are listed in Table F.1. All computations were done on a
typical desktop computer with Intel i5 3.0 GHz processor and 16 GB working memory.
All runs were completely unattended, using the same default parameters for all game
sizes. We expect that the algorithm can tackle larger games still, but this should be
done under attendance and with some parameter tuning – which is not economical
for the present timing exercise.

Regarding the dependency of computation time on game size, three factors are
at play. The first is the linear algebra involved in the algorithm: Each step involves
computing a QR-decomposition and a pseudo-inverse of J ; both operations scale at
O(n3) in the size of the systemH = 0. This size is in general given by∑(s,i)∈S×I(|Asi|+
1) (each agent contributes the number of her actions plus one equations). In the games
reported here, this equals |S| |I| (|A| + 1), since all agents have exactly |A| actions.
The costs related to linear algebra dominate in games with large state space, but few
players and actions per player (i.e. towards the lower left of the table).

The second factor is the evaluation of u and φ and their derivatives with respect
to strategies σsia, which appear in H and J (compare Appendix C). For example, to
compute usi(σ) for each player and each state, one has to evaluate a product sum
over the outer product of σ and all entries of all entries of usi (i.e. over all action
profiles). This scales only linearly in the number of states (or quadratically, if one
considers the need to multiply in continuation values). But it scales quite unfavorably
if the game contains a high number of action profiles per state. In the evenly shaped
games reported here, this number is |A||I|, which explains why computation times go
up dramatically if both |A| and |I| are high. On the other hand, this cost is rather
negligible if either number is low; and it would be essentially absent in games with a
sequential structure.

Finally, increasing the size of the game generally leads to a longer and potentially
more winded path, so that more predictor-corrector steps are necessary to trace it.
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It is important to note that the randomized games used for a benchmark here do
not involve any symmetries between states or players. However, whenever a game
involves symmetrical agents, the rows of all but one of them can be removed from H,
resulting in a far smaller system and thus significant decreases in computation time.
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|S| |A| |I|
2 3 4 5

1 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
8 0:00 0:00 0:00 0:00 0:00 0:00 0:02 0:01

2 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
8 0:00 0:00 0:00 0:00 0:01 0:00 0:05 0:02

5 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:00 0:00 0:00 0:00 0:01 0:01
8 0:00 0:00 0:01 0:00 0:04 0:02 0:49 0:26

10 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:01 0:00 0:02 0:01 0:05 0:03
8 0:01 0:00 0:04 0:04 0:23 0:20 4:08 3:00

20 2 0:00 0:00 0:00 0:00 0:01 0:00 0:01 0:01
4 0:01 0:00 0:03 0:02 0:13 0:08 0:56 0:45
8 0:03 0:02 0:42 0:32 5:03 2:46 1:08:10 46:59

50 2 0:01 0:00 0:03 0:01 0:09 0:05 0:37 0:28
4 0:07 0:05 1:16 1:16 11:19 9:24 48:45 26:57
8 1:58 1:54 37:17 17:56

100 2 0:04 0:03 0:23 0:14 2:03 2:05 9:42 9:19
4 1:09 0:50 24:16 27:03
8 1:00:40 1:07:46

200 2 0:25 0:07 3:55 2:28 41:31 33:19 4:17:00 1:46:05
4 24:20 23:02

400 2 3:20 1:07

800 2 30:12 19:12

Table F.1: Timings

Timings to solve random games with |S| states, |I| players and |A| actions for each player
in each state. Listed are average times as well as standard deviations (in small print) in
m:ss or h:mm:ss. All timings under 15 : 00 are based on 100 independently drawn games
of the respective size; all others on 10 runs per size.
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