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Abstract

The position value, introduced by Meessen (1988), is a solution concept for cooperative
games in which the value assigned to a player depends on the value of the connections or
links he has with other players. This concept has been studied by Borm . (1992) and character-
ized by Slikker (2005). In this communication, we analyze the position value from the point of
view of the typical properties of a measure of centrality in a social network. A similar analysis
has already been carried out for the Myerson centrality measure (Gómez et al., 2003), in which
the symmetrical behavior with respect to the addition or elimination of an edge is a fundamen-
tal part of its characterization. However, the position centrality measure, unlike the Myerson
centrality measure, responds in a more versatile way to such addition or elimination. After
studying the mentioned properties, we will focus on the analysis and characterization of the
position attachment centrality given by the position value when the underlying game is the
attachment game. Some comparisons are made with the attachment centrality introduced by
Skibski et al. (2019).

Keywords: coalitional games, position value, social networks, centrality measures.

1 Introduction

Node centrality measurement is one of the most important topics in the analysis of social net-
works. Common measures proposed from the sociological field relies exclusively on topological
properties of the network (see the review of Freeman, 1979). However, game theory has enriched
those measures also taking into account the functionality or different purposes the social network
can have. Some of those centrality measures integrates the topological information provided by
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the network with a coalitional game that models the interest or benefits the nodes (players) can
obtain as a result of their interactions (see, for example Grofman and Owen (1982), Gómez et
al., 2003). Other approaches define a cooperative game directly from the network. In any case,
usually the game-theoretic centrality measure is obtained as the Shapley value of the proposed
coalitional game. In this paper our proposal is to explore the possibilities of using the position
value (Messens, 1988) instead for defining a family of centrality measures.

2 Preliminaries

First, we summarize the basic elements concerning the both topics we deal with: coalitional games
and graphs.

2.1 Coalitional games

A coalitional game with transferable utility (TU-game) is a pair (N, v), where N = {1, 2, 3, ..., n} is
the set of players and v, the characteristic function, is a map v : 2N → R, with v (∅) = 0. For each
coalition, S ⊆ N, v(S) represents the transferable utility that S can guarantee to obtain whenever
its members cooperate. A TU-game (N, v) is superadditive if v(S ∪ T) ≥ v (S) + v (T), for all
S, T ⊂ N, S ∩ T = ∅, and it is convex if v(S ∪ T) + v(S ∩ T) ≥ v(S) + v(T), for all S, T ⊂ N. In this
paper we mainly consider zero-normalized symmetric and supperadditive games. A TU-game
(N, v) is symmetric if for all S ⊂ N, v (S) = f (s), and it is zero-normalized if v({i}) = 0, for all
i ∈ N.

Let GN be the class of all coalitional games over player set N, which is a vector space. For each
S ∈ 2N\ {∅}, the unanimity game uS ∈ GN is defined by

uS (T) =

{
1 if S ⊆ T,
0 otherwise.

It is well-known that
{

uS
∣∣S ∈ 2N\ {∅}

}
is a basis of GN , and each v ∈ GN can be expressed as

follows:

v = ∑
S∈2N\{∅}

∆v (S) uS,

where {∆S(v)}{∅}̸=S⊆N is the set of the Harsanyi dividends of v (Harsanyi, 1959), which are given
by

∆S(v) = ∑
T⊆S

(−1)s−t v (T) ,

being s = |S| and t = |T|. In the sequel, In the following, for each S ⊆ N, s represents the
cardinality of S.

A value φ for TU games is an assignation which associates to each game (N, v) ∈ GN a vector
φ(N, v) ∈ RN , where φi(N, v) ∈ R represents the value of player i, i ∈ N. Shapley (1953) defines
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his value as follows:

ϕi(N, v) = ∑
S⊆N
i/∈S

s!(n − s − 1)!
n!

(
v(S ∪ {i})− v(S)

)
, i ∈ N. (1)

An alternative expression for the Shapley value in terms of the Harsanyi dividends is:

ϕi (N, v) = ∑
i∈S∈2N\{∅}

∆S(v)
s

. (2)

2.2 Graphs

Let Γ = (N, E), be an undirected graph without loops , where N is the set of n nodes and E
is the set of edges, E ⊆ EN , EN = {{i, j}/i, j ∈ N, i ̸= j}. Let GN denotes the class of all
undirected graphs without loops with node set N. For all i ∈ N we denote Ei = {e ∈ E | i ∈ e},
E[S] := {e ∈ E | e ⊆ S}, for all S ⊆ N, and N[L] = {i ∈ N | i ∈ ⋃

e∈L e}, for all L ⊆ E. The subgraph
induced by S ⊆ N is ΓS := (S, E[S]), whereas the subgraph induced by L ⊆ E is ΓL := (N[L], L).

A graph is connected if every pair i, j ∈ N of its nodes are connected directly or indirectly,
i.e., if there is a path in the graph from node i to node j; otherwise, the graph is disconnected.
The relation of connectivity induces a partition of the node set N into connected components, two
nodes being in the same connected component if they are connected. Let us denote the collection
of connected components of the graph Γ by K(Γ). Moreover, for the sake of simplicity, K(S)
denotes the collection of connected components of the graph ΓS, and analogously K(L) denotes
the collection of connected components of the graph ΓL, for all S ⊆ N, and all L ⊆ E, respectively.
For every node i ∈ N, Ki(Γ) ∈ K(Γ), denotes the connected component of the graph Γ to which
node i belongs. Analogously, if i ∈ S, or Ei ∩ L ̸= ∅, Ki(S) ∈ K(S), and Ki(L) ∈ K(L) denote,
respectively, the connected component of the corresponding graph to which node i belongs.

3 Position centrality

As we have mentioned before, since the pioneer contribution Grofman and Owen in 1982, several
approaches to measure centrality of nodes in a Social Network that rely on cooperative TU games
have been proposed in the literature.

Formally, a centrality measure for social networks with symmetric relations is an assignation
which associates to each social network Γ = (N, E) ∈ GN a vector σ(Γ) ∈ RN , where σi(Γ) ∈ R

represents the centrality of node i, i ∈ N.

The goal of game theoretical centrality measures is to take into account the purpose of the
social network. To be specific, considering an appropriate TU game (N, v) to describe the func-
tionality (i.e. the purpose) of the social network, a family of game-theoretical centrality measures
can be defined by means of combining the information about the benefit of each group S ⊆ N
given by the game, the restrictions in the communication between players given by the graph
(N, E), and selecting a particular value as a centrality measure. Grofman and Owen (1982) and
Gómez et al. (2003), introduce a family of centrality measures that arises of considering symmetric
TU games, and relying on the Myerson value (1977) of the communication situation (N, v, E) that
combines both kinds of information.
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That is, given a symmetric supperaditive game (N, v), the centrality of nodes in the social
network Γ = (N, E) is measured by their Shapley values in the graph-restricted game (N, vE) (My-
erson, 1977) that represents the economic possibilities of the agents when the available communi-
cation possibilities are taken into account:

vE(S) = ∑
T∈K(S)

v(T), S ⊆ N.

Thus, σi(Γ) := µi(N, v, E) := ϕi(N, vE), for all node i ∈ N.

The following TU games modeling interesting functionalities such as sending messages be-
tween pairs of individuals (messages game), to develop a joint project (overhead game), or the ability
to form groups of two or more individuals (conferences game), are considered in Gómez et al. (2003):

• Messages game: (N, vm), that counts the number of messages that can be sent between pairs
of individuals (in both ways), vm(S) = s(s − 1), for all ∅ ̸= S ⊆ N.

• Overhead game on N: (N, vo), that accounts for the general cost that any set of players should
pay to perform an action, with vo(S) = −1, for all ∅ ̸= S ⊆ N. In this paper, we will
consider the attachment game, given by va(S) = 2(s − 1), for all ∅ ̸= S ⊆ N, and introduced
in Skibski et al. (2019), which is proportional to the zero-normalization of the overhead
game.1

• Conferences game: (N, vc), that counts the number of subsets in S with cardinal greater than
1, and thus vc(S) = 2s − s − 1, for all S ⊆ N.

Example 1. The following example shows the impact of the functionality of the social network
on the centralities of each node.
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Figure 1: Example 1

Nodes Messages game Attachment game
1,3 29.7 (14.16%) 2.5 (8.8%)
2 28.9 (13.72%) 2.0 (7.1%)

4, 15 10.5 (5.01%) 2.1 (7.6%)
5,9,10,14 11.5 (5.49%) 1.8 (6.4%)
6,8,11,13 9.1 (4.34%) 1.6 (5.8%)

7, 12 9.0 (4.28%) 1.6 (5.8%)

Table 1: Myerson centralities

1The zero-normalization of the overhead game , v0
o(S) = s − 1, is called pure overhead game on N in Owen (1986).
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When the purpose of the network is to send messages, node 2, which intermediates between
the two subsocieties S1 = {1, 4, 5, 6, 7, 8, 9} and S2 = {3, 10, 11, 12, 13, 14, 15} is the second kind
of node more central, whereas this second position is occupied by the hubs of S1 and S2, nodes
4 and 15 respectively, when the purpose is to get nodes to develop a joint project. Moreover,
the differences between intermediary nodes 1,2 and 3, and the remaining ones are considerably
greater for the messages centrality.

Similarly, we propose an alternative family of centrality measures using the position value
(Messens, 1988), in which the value assigned to a player depends on the value of the connections
or links he has with other players. We will restrict to the subclass of zero-normalized symmetric
and supperadditive games in order to obtain a minimum centrality equal to zero for every isolated
node.

First, we recall the definition of the position value restricted to this subclass of games. Let
CSN

0 denotes the class of all communication situations (N, v, E) with player set N, being (N, v) ∈
GN

0 a zero-normalized symmetric and supperadditive TU game, and Γ = (N, E) an undirected
communication graph without loops or parallel arcs. Let (N, v, E) ∈ CSN

0 , then the link game
(E, wv

E) corresponding to (N, v, E) (cf. Borm et al. 1992), which is played between links instead of
nodes, is defined as follows:

wv
E(L) = ∑

C∈K(L)
v(C), ∀ L ⊆ E, (3)

That is, the sum of the values of the maximal groups than can be formed when the only available
connections are those of coalition L.

Then, the position value π : CSN
0 −→ Rn is given by

πi(N, v, E) =
1
2 ∑

e∈Ei

ϕe(E, wv
E), ∀ i ∈ N, (4)

where ϕ(E, wv
E) denotes the Shapley value of the link game.

3.1 Properties of the position centrality

In this context, we shall understand by position centrality the position value of a given communi-
cation situation (N, v, E) ∈ CSN

0 . Now, we prove that the proposed family of position centrality
measures satisfies the most typical desirable properties of a centrality measure.

Next, we show that position centrality verifies the property of Locality, which establishes that
the centrality of a node depends only on the connected component to which it belongs.

Proposition 1. Position centrality verifies Locality, i.e. for every communication situation (N, v, E) ∈
CSN

0 , and every node i ∈ N it holds:

πi(N, v, E) = πi(Ki(E), vi, E[Ki(E)]),

where vi is the restriction of v to Ki(E).

The following propositions show results about the minimal and the maximal position central-
ity of a node. Isolated nodes have minimal position centrality, which equals 0, whereas maximal
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centrality is attained by the hub of a star.

Proposition 2. Let (N, v, E) ∈ CSN
0 , then if i0 ∈ N is an isolated node in the social network (N, E) it

holds:

πi0(N, v, E) = 0 ≤ πi(N, v′, E′),

for all i ∈ N and every (N, v′, E′) ∈ CSN
0 .

Proposition 3. Let (N, v) ∈ GN
0 . If (N, E∗) ∈ GN is the star with n nodes where node 1 is the hub, then

for all connected graph (N, E) ∈ GN , and for all i ∈ N is verified:

π1(N, v, E∗) ≥ πi(N, v, E).

We will now examine some properties of position centrality when the graph is a chain. The
position centrality of an end node of a chain increases with the length of the chain. For a given
chain, the position centrality of its nodes is maximal for the middle nodes and decreases sym-
metrically from the middle to the end nodes. Moreover, proposition 2 is reinforced, the minimal
position centrality in connected social networks is attained by the end nodes of a chain.

The proofs of these results are based on several lemmas (that we not include in this extended
abstract) establishing several interesting properties of the Harsanyi dividends of the link game.

Proposition 4. Let n1 < n2, and let (N, v) ∈ GN
0 be convex. Let us suppose that (Ni, EC

i ) is a chain with
ni nodes ordered in the natural way. Then:

π1

(
N1, v, EC

1

)
≤ π1

(
N2, v, EC

2

)
.

Proposition 5. If (N, v) ∈ GN
0 is convex and (N, EC) is a chain with n nodes numbered in the natural

way, then for 1 ≤ i ≤ n/2 :

πi

(
N, v, EC

)
≤ πi+1

(
N, v, EC

)
.

Proposition 6. If (N, v) ∈ GN
0 is convex and (N, EC) is the chain with n nodes, where node 1 is an end

node, then for all connected social network (N, E) ∈ GN
0 , and for all i ∈ N, it holds:

π1(N, v, EC) ≤ πi(N, v, E)

4 Adding an edge

In the analysis of the family of centrality measures derived form the use of the Myerson value
(Gómez et al., 2003) the symmetrical behavior with respect to the addition or elimination of an
edge is a fundamental characteristic. However, the position centrality measure, unlike the Myer-
son centrality measure, responds in a more versatile way to such addition or elimination.

Next, we show some situations in which adding an edge benefits both end nodes, although not
necessarily to the same amount. Unfortunately, examples in which one of the end nodes becomes
worse can be found.

Proposition 7. Let (N1, E1) and (N2, E2) be two independent connected social networks. If a bridge
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ℓ0 = (i0, j0), with i0 ∈ N1 and j0 ∈ N2 is added, and the underlying game (N, v) ∈ GN
0 , where

N = N1 ∪ N2, is convex, it holds

πi(Nk, vk, Ek) = πi(N, v, E) ≤ πi(N, v, E ∪ {ℓ0}), (5)

for all node i ∈ Nk, k = 1, 2, where vk denotes the restriction of v to Nk, k = 1, 2, and E = E1 ∪ E2.

Proposition 8. Let (N1, E∗
1 ) and (N2, E∗

2 ) be two independent stars of k1 and k2 leaves respectively with
k1 ≤ k2. If a bridge ℓ0 = (i0, j0), between two leaves i0 ∈ N1 and j0 ∈ N2 is added, and the underlying
game (N, v) ∈ GN

0 , where N = N1 ∪ N2, is defined by a function f (·) ∈ Cn(R) such that f (k)(·) ≥ 0,
for all k = 1, . . . , n. Then, it holds that:

1. πi0(N, v, E ∪ {ℓ0})− πi0(N, v, E) ≤ πj0(N, v, E ∪ {ℓ0})− πj0(N, v, E),

2. πi(N, v, E ∪ {ℓ0}) − πi(N, v, E) ≥ πj(N, v, E ∪ {ℓ0}) − πj(N, v, E), for every pair of leaves
i ∈ N1 \ i0, j ∈ N2 \ i0,

3. πc1(N, v, E ∪ {ℓ0})− πc1(N, v, E) ≤ πc2(N, v, E ∪ {ℓ0})− πc2(N, v, E), where c1 and c2 are the
hub nodes of each star.

Proposition 9. Let (N, E) be a chain. If a bridge ℓ0 = (i0, j0), between two nodes is added, and the
underlying game (N, v) ∈ GN

0 is totally positive (i.e. all its Harsanyi dividends are nonnegative), it holds
that:

(i) πi0(N, v, E ∪ {ℓ0}) ≥ πi0(N, v, E) and πj0(N, v, E ∪ {ℓ0}) ≥ πj0((N, v, E),

(ii) πi(N, v, E ∪ {ℓ0}) ≤ πi(N, v, E), for every node i in the unique path connecting i0 and j0 in the
original chain.

5 The attachment position centrality

In this section we analyze the particular case in which the symmetric game is the attachment game
(Skibski et al., 2019) given by va(S) = 2(|S| − 1), ∀ S ⊂ N.

The attachment game has been used by Skibski et al. (2019) for defining the network attach-
ment centrality, A(Γ), as the Myerson value of he game when the coalition formation is restricted
by a graph Γ.

Our proposal in this section is to study some specific properties of the position attachment cen-
trality defined, for each social network Γ = (N, E) as the position value of the communication
situation (N, va, E), which we will denote as PA(Γ).

When the social network is a tree, the position value coincides with the Myerson value (see
Borm et al. 1992), and moreover PAi(Γ) = Ai(Γ) = di, where di is the degree of node i in Γ.
However, in the general case in which the social network contains some cycles, both centrality
measures differ in how end nodes are affected when an edge is removed (or added). The addition
of an edge improves equally both end nodes according to attachment centrality. On the contrary,
according to position attachment centrality both end nodes are also improved (or, at least, not
worsen), but not necessarily to the same extent.

Proposition 10. Let Γ = (N, E) be a given connected social network. If a link ℓ0 = (i0, j0), between two
nodes i0, j0 ∈ N is added. Then, it holds that:
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(i) PAi(N, E ∪ {ℓ0}) ≤ PAi(N, E), for every intermediary node i ∈ Bet(i0, j0),

(ii) PAi(N, E ∪ {ℓ0}) = PAi(N, E), for every node i /∈ Bet(i0, j0) ∪ {i0, j0}

(iii) PAi0(N, E ∪ {ℓ0}) ≥ PAi0(N, E) and PAj0(N, E ∪ {ℓ0}) ≥ PAj0(N, E)

where Bet(i0, j0) ⊆ N denotes the set of nodes in any path connecting i0 and j0 in the original graph Γ.

Example 2. To analyze the difference between both attachment centralities, Myerson and Posi-
tional, we consider the addition of link {2, 15} in the social network of Example 1:
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In Table 2 are depicted the centrality variation of each node according to both attachment
measures. We observe that the global increment of 0.8 points experimented by end nodes 2 and
15 relies mainly on the decrement of centrality of the bypassed node 3, and to some extent the
decrement of the intermediary adjacent nodes 10 and 14. However, according to position attach-
ment centrality also more distant intermediary nodes, 11, 12 and 13, suffer a decrement in their
centralities. Moreover, node 15 gains more centrality than the other end node 2.

Nodes Myerson attachment Positional attachment
2 0.4 0.26
15 0.4 0.56
3 -0.6 -0.52

10,14 -0.1 -0.12
11,13 0 -0.03

12 0 -0.01
1,4,. . . ,9 0 0

Table 2: Attachment centralities

5.1 A characterization of the position attachment centrality

The characterization of the position attachment centrality follows almost exactly the characteriza-
tion of the attachment centrality (Skibski et al., 2019) being the only difference the substitution of
the Fairness axiom by the Balanced link contribution axiom of Slikker (2005). The characterization is
based on the following axioms.

Locality

For every graph Γ = (N, E) and every node i ∈ N , the centrality of i depends solely on the
component to which i belongs, i.e. σi(Γ) = σi((Ki(Γ), E[Ki(Γ)])).

Normalization
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• σi(Γ) ∈ [0, n − 1];

• σi(Γ) = 0 when i is isolated in Γ;

• σi(Γ) = n − 1 when Γ is a star, and being i its hub.

Gain-Loss

For every connected graph, Γ = (N, E), and every pair of nodes, i, j ∈ N , adding the edge
{i, j} /∈ E to E does not affect the sum of centralities.

Balanced link contribution

For every Γ = (N, E) and all i, j ∈ N

∑
l∈Ej

(σi(Γ)− σi(Γ\{l})) = ∑
l∈Ei

(
σj(Γ)− σj(Γ\{l})

)
.

Theorem 1. The Position Attachment centrality is the unique centrality index that satisfies Locality,
Normalization, Gain-loss and Balanced link contribution.

6 Some conclusions

In this paper we have explored the characteristics of a family of centrality measures based on
the position value. We have shown that this family, under certain conditions, verifies typical
properties of a measure of centrality. Many of these properties are also verified by the Myerson
value considered as a measure of centrality. However, position centrality is more versatile since it
does not meet the very restrictive condition of fairness. In addition to the general results, specific
results and a characterization have been obtained for the position attachment centrality . It would
be interesting to extend this specific analysis to other prominent members of the family.
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