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1 Introduction

The point of this paper is to culminate the extension of the results on efficiency in the
seminal connections models of Jackson andWolinsky (1996) and Bala and Goyal (2000)
partially addressed in several previous papers.1 In the seminal connections models, a
network is the result of creating links between nodes, by bilateral agreements and equal
split of the cost of each link in Jackson and Wolinsky’s model and unilateral decisions
in Bala and Goyal’s model. In both models, the cost of a link and its strength or quality
(i.e. its decay factor) are exogenously given, giving rise to two-parameter models. This
imposes necessarily bilateral formation and compulsory equal share of the fixed cost of
each link in Jackson and Wolinsky’s model; and unilateral formation and full-covering
of its cost by its creator in Bala and Goyal’s model, and a fixed level of quality for
the resulting link in both. A third parameter is the endowment or value of each node,
partially accessed by other nodes, which is the source of revenue. The benefit that each
node-player receives through the network is the sum of the fractions of the values of the
nodes directly or indirectly connected with it. This fraction is given by the strength
of the best path (i.e. the shortest in their models) that connects them. It is assumed
that all nodes have the same initial endowment. In other words, both models assume
homogeneity in nodes and links.

The point of this paper is to culminate the extension of the results about efficiency
in a connections model where both nodes and links are heterogeneous, i.e. nodes have
different values and the strength of a link depends on the amounts invested in it by
the two nodes that it connects and is determined by a function of these amounts.

The paper is organized as follows. Section 2 introduces basic notation and termi-
nology. Section 3 introduces the model. Section 4 reviews previous results when only
nodes or links are heterogeneous. Section 5 addresses the question of efficiency with
heterogeneity in nodes and links. Section 6 concludes pointing out some further work
on stability.

2 Preliminaries

An undirected weighted network (shortened in what follows to a network) is a pair
(N, g) where N = {1, 2, ..., n} with n ≥ 3 is a set of nodes and g is a set of links
specified by a symmetric adjacency matrix g = (gij)i,j∈N of real numbers gij ∈ [0, 1),
with gii = 0 for all i. Alternatively, g can be specified as a map g : N2 → [0, 1), where
N2 denotes the set of all subsets of N with cardinality 2. When no ambiguity arises
we omit N and refer to g as a network. In what follows ij stands for {i, j} and gij
for g({i, j}) for any {i, j} ∈ N2. When gij > 0 it is said that a link of strength gij
connects i and j. Nd

i (g) := {j ∈ N : gij > 0} denotes the set of neighbors of node i.
A path connecting nodes i and j is a sequence of distinct nodes of which the first is i,

1Olaizola and Valenciano (2020a, 2020b, 2021 and 2022).
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the last is j, and every two consecutive nodes are connected by a link. If i and j are
two consecutive nodes in a path p, we write ij ∈ p or ij ∈ p. Pij(g) denotes the set of
paths in g connecting i and j. Ni(g) denotes the set of nodes connected to i by a path.
A network is connected if any two nodes are connected by a path. A subnetwork of a
network (N, g) is a network (N ′, g′) s.t. N ′ ⊆ N and g′ ⊆ g. A component of a network
(N, g) is a maximal connected subnetwork. An isolated node (i.e. not connected to
any other) is a trivial component.

The empty network is the one for which gij = 0 for all ij ∈ N2. A complete network
is one where gij > 0 for all ij ∈ N2. A subcomplete network has only one non-trivial
component which is a complete subnetwork, i.e. gij > 0 if and only if ij ∈ M2 for
some M ⊆ N . A star is a network with only one non-trivial component with k nodes
(3 ≤ k ≤ n) and k− 1 links in which one node (the center) is connected by a link with
each of the other k− 1 nodes. A flower is a network with only a nontrivial component
which consists of a central node connected with some k nodes directly and some of
which can be directly connected between them.2 Note that complete networks and
stars are particular extreme cases of a flower. Another particular type of flower is the
following, which plays a role later.

Definition 1 A nested split graph network (NSG-network) is a network g such that
for all i, j ∈ N (i = j),

��Nd
i (g)

�� ≤
��Nd

j (g)
��⇒ Nd

i (g) ⊆ N
d
j (g) ∪ {j}.

NSG-networks have a hierarchical architecture, as nodes can be ranked according
their number of neighbors. Note also that NSG-networks are flowers, but not all flowers
are NSG-networks.

A star or a flower is said to be all-encompassing if k = n.

3 The model

The point of this paper is the extension of the results about efficiency in the seminal
connections models to a model where both nodes and links are heterogeneous, i.e. nodes
have different values and the strength of a link depends on the amounts invested in it
by the two nodes that it connects and is determined by a link-formation technology.

Definition 2 A link-formation technology (a technology for short) is a map λ : R2+ →
[0, 1) non-decreasing in both arguments, symmetric, i.e. λ(x, y) = λ(y, x), and s.t.
λ(0, 0) = 0.

That is, the strength of a link cannot decrease by an increase of the investment in
it, the technology does not depend of the identity of its users, and positive strength

2See e.g. Bala and Goyal (2000) for a different use of the term.
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is costly. We consider the following situation. A set N = {1, 2, ..., n} of nodes or
players, each of which is endowed with a value vi > 0, can form links according to a
technology λ available to all.3 If cij and cji are the amounts invested by i and j in
a link connecting them, λ(cij, cji) is the strength of the resulting link, which is the
level of fidelity of the transmission of value through it. Flow occurs only through links
invested in (λ(0, 0) = 0), but transmission is never perfect (0 ≤ λ(cij , cji) < 1).4 A
link-investment is a n-tuple c = (ci)i∈N , where ci ∈ R

N
+ = (cij)j∈N with cii = 0, where

cij is the investment of node i in its link with j. Link-investment c yields a weighted
network denoted by gc, where gcij = λ(cij , cji). For a path p ∈ Pik(g

c), δ(p) denotes the

product of the fidelity levels through each link in that path, i.e. if p = ii2i3...imk, then
δ(p) = gii2 × gi2i3)× ...× gimk. We assume that node i receives from node k’s value vk
the fraction which reaches i through the best path from k, that is

Iik(g
c) = max

p∈Pik(gc)
vkδ(p) = vkδ(pik),

where pik is an optimal path connecting i and k, i.e. pik ∈ argmaxp∈Pik(gc) δ(p) (if no
path connects i and k we set δ(pik) = 0). Then i’s overall revenue from gc is

Ii(g
c) =

�

k∈N(i;gc)

Iik(g
c).

Thus, i’s payoff is the value received minus i’s investment:

Πδi (c) := Ii(g
c)−

�

j �=i

cij =
�

k∈N(i;gc)

vkδ(pik)−
�

j �=i

cij, (1)

and the net value of the network resulting is the aggregate payoff, i.e. the total value
received by the nodes minus the total cost of the network, given by C(gc) =

�
ij∈N2

cij,

where cij := cij + cji, i.e.

v(gc) :=
�

i∈N

Πδi (c) =
�

i∈N

Ii(g
c)− C(gc) =

�

kl∈N2

(vk + vl)δ(pkl)− C(g
c). (2)

In what follows, we denote skl := vk + vl, so that

v(gc) =
�

kl∈N2

sklδ(pkl)− C(g
c). (3)

3The value of each node can be interpreted as an endowment of valuable information that can be
partially accessed through the network. Alternatively, vi can be interpreted as the value of node i as
a valuable contact.

4If value is interpreted as information, the strength of a link is the level of fidelity of the transmission
of information through it. If value is interpreted in terms of value of a contact, then the strength of a
link is a measure of the quality/intensity/reliability, i.e. the “strength of a tie” (Granovetter, 1973).
Under this interpretation, the model can be interpreted as a stylized model of a contact network.
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Note that v(gc) can be expressed like this

v(gc) =
�

i∈N

vi
�

j∈N\{i}

δ(pij)− C(g
c) =

�

i∈N

wivi − C(g
c), (4)

where coefficient wi :=
�

j∈N\{i} δ(pij) can be interpreted as (and so will it be called
in what follows) node i’s visibility because wivi is the impact of node i’s value on the
aggregate value of the network. Alternatively v(gc) can also be expressed like this

v(gc) =
�

i∈N

�

j∈N\{i}

δ(pij)vj − C(g
c) =

�

i∈N

Vi − C(g
c), (5)

where Vi :=
�

j∈N2\{i}
δ(pij)vj is node i’s vision, i.e. the information received by node

i.
A network gc dominates a network gc

′

if v(gc) ≥ v(gc′). A network is efficient if it
dominates any other. As shown here, efficiency may be reached by a network that leaves
some nodes disconnected. A network is efficient-constrained-to-keep-connectedness if
it is connected and dominates any other connected network.

4 Previous results

We begin by briefly reviewing the results in the seminal papers and the above mentioned
extensions.

Homogeneous nodes and homogeneous links

In terms of the current framework, Jackson and Wolinsky (1996) discrete model is
equivalent to assume homogeneous nodes of value 1 and a technology given by

λ(c1, c2) =

�
δ, if min{c1, c2} ≥

c
2

0, otherwise.
(6)

Bala and Goyal (2000) discrete model is equivalent to assume homogeneous nodes
of value 1 and a technology given by

λ(c1, c2) =

�
δ, if max{c1, c2} ≥ c
0, otherwise.

(7)

In both cases, parameters δ (0 < δ < 1) and c > 0 are exogenously given. In both
cases, the only nonempty possibly efficient networks are the complete network and the
all-encompassing star.

Homogeneous links and heterogeneous nodes

Olaizola and Valenciano (2021) consider Jackson and Wolinsky (1996) model with
heterogeneous nodes, which in the current framework corresponds to discrete technology
(6), and assume that each node i has a possibly different value vi. They prove the
following result:
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Proposition 1 (Proposition 1 in Olaizola and Valenciano, 2021) If λ(c1, c2) is given by
(6) and different nodes have possibly different values, efficiency is reached by a nested
split graph network where the rank of nodes according to the number of neighbors is
consistent with the rank according to their value and some nodes can be disconnected.

They also prove that efficiency constrained to keep connectedness (i.e. the con-
nected network with greatest value) is also reached by a nested split graph network
of this type, which they call strong NSG-network, and provide a simple algorithm to
obtain it. Formally:

Definition 3 (Olaizola and Valenciano, 2021) A strong NSG-network (SNSG-network)
of heterogeneous nodes is a nested split graph network g such that for all i, j ∈ N
(i = j),

vi > vj ⇒
��Nd

i (g)
�� ≥

��Nd
j (g)

�� . (8)

Homogeneous nodes and heterogeneous links

When links are heterogenous, an obvious prerequisite for a link-investment c to
yield an efficient network is that for each link, if c > 0 is the total amount invested in
link ij, its strength must be

δ(c) := max
cij+cji≤c

λ(cij, cji). (9)

Olaizola and Valenciano (2020b) assumes a technology s.t. δ(c) given by (9) is
non-decreasing and, using the results in Olaizola and Valenciano (2020a), prove that
unless a rare condition holds, the only possibly non-empty efficient networks are the
complete network and the all-encompassing star.5 They call “supertie” the occurrence
of this rare condition. In this case there is a draw between the all-encompassing star,
the complete network and a whole range of a particular type of nested split graph
structures intermediate between them. In Olaizola and Valenciano (2022) it is shown
that this cannot occur if δ is strictly concave, differentiable, and s.t. and δ′(c) > 0, for
all c ≥ 0.

5 Heterogeneous nodes and heterogeneous links

We now address the question of efficiency when both nodes and links are heterogeneous.
More precisely, we assume that nodes have possibly different values and links are
formed according to technology λ s.t. function δ given by (9) is well-defined and non-
decreasing. We refer to such technologies as regular technologies.

Then we have the following result.

5Olaizola and Valenciano (2020a) proves that within a wide class of connections models with
homogeneous nodes any network is dominated by a nested split graph network.

5



Proposition 2 If nodes are possibly heterogeneous and links are formed according to
a regular link-formation technology, any network (connected network) is dominated by
an flower (all-encompassing flower) such that: (i) the central node is one of the nodes
of greatest value; (ii) the greater the sum of the values of a pair of spoke nodes, the
stronger their connection, be it direct or through the central node; in particular, the
greater the value of a node, the greater the strength of the link that connects it with the
central one.

Proof. Let g be a connected network with n nodes, m links and positive next value.
Without loss of generality, we can assume that no link in g is superfluous and v1 ≥
v2 ≥ ... ≥ vn. Let δ1 ≥ δ2 ≥ ... ≥ δm be the strengths of the m links that form g,
i.e. δi = δ(ci) with c1 ≥ c2 ≥ ... ≥ cm. The idea of the proof is to produce an all-
encompassing flower g′ s.t. v(g′) ≥ v(g) by using all or some of the m available links.
The value of the network, given by (3), is generated by all the pairs of nodes directly
of indirectly connected, namely the contribution of pair ij is δ(pij)sij. Quantities sij
can be arranged in a triangular matrix Σ = (sij)i,j∈N,i<j, i.e.

Σ =






s12 s13 s14 · · · s1n
s23 s24 · · · s2n

s34 · · · s3n
. . .

...
sn−1n





, (10)

and are preordered by their numerical values. Similarly, the strengths of potential
connections, direct or by two-link paths, that could be made bymeans of them available
links, δ1, δ2, ..., δm, can be arranged in a triangular matrix

∆ =






δ01 δ02 δ03 δ04 · · · δ0m
δ1δ2 δ1δ3 δ1δ4 · · · δ1δm

δ2δ3 δ2δ4 · · · δ2δm
δ3δ4 · · · δ3δm

. . .
...

δm−1δm






, (11)

and are preordered by their numerical values. Note that, in both matrices, the entries
in lines (in columns) are non-increasing rightwards (downwards). As the net value of
a network gc is given by

v(gc) =
�

kl∈N2

sklδ(pkl)− C(g
c),

if the m+m(m− 1)/2 strengths of potential connections in ∆ were actually indepen-
dently available, the maximal gross value would be achieved by connecting pairs of
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nodes according to a simple criterion: the greater sij, the greater the strength of the
connection should be. Unfortunately this is not possible.6 After the first two steps, i.e.
after connecting 1 and 2 with δ1, and 1 and 3 with δ2, connection δ1δ2 is only available
for connecting 2 and 3. Now, if δ3 > δ1δ2 it can be advantageous to connect 1 and 2
directly with δ3. However, what is most profitable in this case: connecting 1 and 2 with
δ3 or connecting 1 and 4 with δ3? The problem is that a comparison of the net values
of these two three-link networks is not reliable, in the sense that connecting 1 and 2
with δ3 entails eliminating entries δ3, δ1δ2, δ1δ3 and δ2δ3 in ∆ because they would not
be available any longer. If there are still disconnected nodes and available links, which
of the two options is preferable depends on the subsequent choices of which among the
non directly connected pairs of nodes to connect with the next available links. In other
words, the optimal network that can be built with the available links is the optimal
matching of pairs of nodes and available connections among all feasible matchings.

We describe an algorithm to produce a network with the available links (i.e. those
which form g) that dominates g. Actually, the algorithm generates sequences of flowers.
At every step, either a new node is connected to node one, or a pair of spoke nodes
is directly connected, although in some cases the algorithm either “does nothing” or
“branches” and continues in two different directions, producing sequences of flowers
satisfying conditions (i)-(ii). The algorithm stops in every sequence when all available
links have been used. In this way, a number of flower networks satisfying conditions
(i)-(ii) is produced among which the one with a greatest net value dominates g.

In order to describe the algorithm, one must keep account of the links used at each
stage, the indirect connections discarded (either because they will remain unchanged
or are not available any more), and the pairs of nodes connected either directly or
indirectly if their two-link connection is sure that is not going to be improved in the
sequence. Let S be the set of entries in Σ, i.e. the set of sums of values of all pairs
of nodes to be connected, directly or indirectly; and let S∗ := {sij ∈ S : i = 1}. Let
D be the set of entries in ∆, i.e. the set of all, in principle feasible connections, be
them direct or through two-link paths; and let D∗ := {δj : 1 ≤ j ≤ m}. For a rigorous
description of the algorithm it is necessary to provide sets S and D with total orders
that refine the preorder given by the numerical values.7 In order to do so proceed in
the following way. In the case of S, define the strict total order: sij ≻ skl if and only
if sij > skl or sij = skl with ij = kl and

(i ≤ k & j ≤ l) or (i > k & j < l),

6In Olaizola and Valenciano (2021) this is possible because all direct connections have the same
strength, and consequently those by means of paths of length 2 too.

7Sets S and D have been defined as sets of numbers, but strictly formally speaking, these sets
should be specified and interpreted as “labelled numbers” because we need to distinguish sij from skl
(δi from δj or δkδl) even if sij = skl when ij = kl (even if δi = δj when i = j or δj = δkδl). This can
be done by defining them as sets of pairs (sij , ij) or (δi, i) or (δiδi, i, j). Nevertheless, we avoid this
cumbersome notational formality.
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whose reflexive closure � is a total order in S.8

A similar refinement of the order in set D is defined breaking ties in the following
way. In the case of direct connections just define δ1 ≻ δ2 ≻ ... ≻ δm; in the case of
two-link connections define δiδj ≻ δkδl if and only if δiδj > δkδl or δiδj = δkδl with
ij = kl and

(i ≤ k & j ≤ l) or (i > k & j < l);

and in the case of a tie between a two-link connection and a direct connection, define
δiδj ≻ δl when δiδj = δl only if j < l. Then the reflexive closure � of ≻ is a total order
in D.

Let Gq denote the set of flowers generated at step q, and let Sq, S
∗
q , Dq and D

∗
q the

subsets of S, S∗, D and D∗ remaining available after step q. Let G0 := {g∅}, where
g∅ is the empty network, S0 := S, S

∗
0 := S

∗, D0 := D and D∗0 := D
∗
0.

First and second steps: Connect nodes 1 and 2 with δ1, and nodes 1 and 3 with
δ2, and make

S2 = S0 \ {s12, s13},S
∗
2 := S

∗
0 \ {s12, s13}

D2 := D \ {δ2, δ3};D
∗
2 := D

∗
0 \ {δ2, δ3}

In both cases the flower that results satisfies conditions (i)-(ii). Let g2 be the flower
that results from step 2, and G2 := {g2}.

Step q (2 < q ≤ m): LetGq−1 be the set of flowers satisfying conditions (i)-(ii) gen-
erated at step q−1. For each gq−1 ∈ Gq−1 proceed as follows. Let Sq−1,S

∗
q−1,Dq−1,D

∗
q−1

be updated sets of sums pairs’ values and available connections corresponding to the
sequence that reached gq−1. Take the greatest element in Sq−1 (according to the total
order defined in S), which must be either some s1j ∈ S

∗
q−1 or some sij ∈ Sq−1 \ S

∗
q−1

(i.e. i = 1), and the greatest element in Dq−1 (according to the total order defined
in D), which may be either some δr ∈ D

∗
q−1 or some δkδl ∈ Dq−1 \ D

∗
q−1. Four cases

are possible depending on which of the four possible combinations forms the greatest
product,

s1jδr, sijδkδl, s1jδkδl or sijδr.

Case 1: The greatest product is s1jδr. Let g
q the network that results from adding

a δr-link connecting1 and j to g
q−1, make Sq := Sq−1 \ {s1j} and Dq := Dq−1 \ {δr}.

Case 2: The greatest product is sijδkδl with i = 1. In this case, sij ≤ min{s1i, s1j}
and δr ≤ min{δk, δl}, and therefore s1i, s1j, δk and δl must have been formerly chosen,
i.e. s1i and s1j are not in Sq−1, nor δk or δl in D

∗
q−1. Moreover, s1iδk and s1jδl must

have been already implemented, i.e. nodes 1 and i are connected by a δk-link and
nodes 1 and j by a δl-link. Assume s1rδk and s1sδl were assigned in a former step for
some r and s. Then it must be vr ≥ vs ≥ vi ≥ vj, but then δkδl cannot be in Dq−1,
because either srsδkδl has been assigned in a previous step, or a triangle connecting 1,
r and s has been formed and consequently all direct and indirect connections in that

8A total or linear order is a reflexive, antisymmetric, transitive and complete or total binary
relation.
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triangle, δkδl among them, eliminated as unavailable. Therefore, it must be r = i and
s = j. In other words, i and j are already connected by the best possible connection,
so do nothing, i.e. gq := gq−1 and make Sq := Sq−1 \ {sij} and Dq := Dq−1 \ {δkδl}.

Case 3: The greatest product is s1jδkδl. In this case, δk and δl must have been
already assigned to connect a pair of nodes. If they connect two nodes with node 1,
say δk connects 1 and p, and δl connects 1 and s, it is not feasible to connect 1 and
j by such a two-link path. It would be feasible only if δk connects 1 and some p and
δl connects p and j, but then j must be already connected with the center by a link
of strength greater than δkδl. Therefore this cannot occur. Then the greatest feasible
connection available is by means of the link of greatest strength available in D∗q−1, say
δr. Let g

q the network that results from gq−1 by adding a δr-link connecting1 and j.
Note that in this case spsδkδl ≥ spsδr, in other words, no link available can improve
the connection of p and s. Then update gq, and make Sq := Sq−1 \ {s1j , sps} and
Dq := Dq−1 \ {δr, δkδl}.

Case 4: The greatest product is sijδr with i = 1. In this case, i and j are already
connected with node 1 in gq−1, by previous selection of, say, s1iδp and s1jδs, and the
algorithm branches into two paths:

Branch 1: Connect i and j with a δr-link, update g
q, and make Sq := Sq−1 \ {sij}

and Dq := Dq−1 \ {δr, δpδs, δpδr, δsδr}. If D
∗
q = ∅ and S∗q = ∅, i.e. δr is the last link

available and the flower gq−1 is all-encompassing, this is the best choice at this stage
given the preceding sequence of choices and the algorithm stops here. Otherwise, when
there are still disconnected nodes in gq−1, this is not necessarily so. In this case:

Branch 2: Let j be the node of greatest value still disconnected. Form gq by adding
a δr-link connecting 1 and j to g

q−1, and make Sq := Sq−1\{s1j} and Dq := Dq−1\{δr}.
The algorithm stops here via gq−1 if Gq(gq−1) = ∅ and D∗q := ∅. More generally,

let Gq(g) the network/s (two in case of branching) generated as a result of step q from
gq−1. Then

Gq := ∪gq−1∈Gq−1G
q(gq−1).

Evidently, given the finite number of feasible links, the algorithm, along through all
its possible paths, ends necessarily after a finite number of steps. Finally, we show that
the resulting network along all possible paths are flowers satisfying conditions (i)-(ii).
Moreover, all networks in every sequence of networks generated by the algorithm are
flowers satisfying these conditions. This is obvious after the first two steps. Therefore,
it is enough to prove that if gq−1 ∈ Gq−1 is a flower satisfying these conditions, then
gq ∈ Gq(g), which by construction is obvious.

Then the terminal network with greatest net value dominates g, and if g is con-
nected, the greatest among the terminal connected networks dominates g.

Corollary 1 If nodes are possibly heterogeneous and links are formed according to a
regular technology, efficiency (efficiency-constrained-to-keep-connectedness) is reached
by a flower (an all-encompassing flower) such that: (i) the central node is one of the
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nodes of greatest value; (ii) the greater the sum of the values of a pair of spoke nodes,
the stronger their connection, be it direct or through the central node; in particular, the
greater the value of a node, the greater the strength of the link that connects it with the
central one.

Note that, as it could not be otherwise, the result is consistent with previous results
obtained in simpler contexts. The question arises about whether it is possible to
go further and say something else about the structure of efficient flowers. As has
been commented above, in Olaizola and Valenciano (2021) it is proved that under a
homogeneous technology (i.e. all links of the same cost and strength) the only possible
non-empty efficient networks of heterogeneous nodes are strong nested split networks
(Definition 3). The following counterexample shows that under heterogeneity in nodes
and links it may be the case that no SNSG-network is efficient.

Counterexample: In order to provide a simple example we assume a regular link-
formation technology (according to Definition 2) λ : R2+ → [0, 1), s.t. function δ, given
by (9), is piecewise linear given by

δ(c) =






0.5c, if c ≤ 2.96
8.95
,

1
19.9
c+ 2.96

19.9
, if 2.96

8.95
≤ c ≤ 5,

0.4, if 5 ≤ c,

(12)

which is represented in Figure 1, and denote c := 2.96
8.95

and c := 5.

��
���

���
���

���
��

c c̄ c

δ

Figure 1: Function δ for technology λ

Assume a set of 4 nodes, s.t. v1 = v2 = v3 = 10 and v4 = 1. Note first that, if
g∆(c) denotes the subcomplete network of nodes 1, 2 and 3 connected by c-links, and
gΛ(c) any star formed by these three nodes connected by c-links, we have

v(g∆(c)) = 3sδ(c)− 3c and v(gΛ(c)) = 2sδ(c) + sδ(c)2 − 2c,

10



where s = 2vi = 20 (i = 1, 2, 3).
9 Then we have

v(g∆(c)) = 60δ(c)− 3c = 60×
1.48

8.95
− 3×

2.96

8.95
= 8.929 6,

v(g∆(c)) = 60δ(c)− 3c = 60× 0.4− 3× 5 = 9.

While

v(gΛ(c)) = 2sδ(c) + sδ(c)2 − 2c = 40×
1.48

8.95
+ 20× (

1.48

8.95
)2 − 2×

2.96

8.95
= 6.5,

v(gΛ(c)) = 2sδ(c) + sδ(c)2 − 2c = 40× 0.4 + 20× 0.16− 2× 5 = 9. 2.

Therefore g∆(c) is the optimal subcomplete network connecting nodes 1, 2 and 3, and
gΛ(c) the optimal all three nodes encompassing star (up to permutation of the 3 nodes),
and

v(g∆(c)) = 3sδ(c)− 3c = 9 < 9.2 = 2sδ(c) + sδ(c)2 − 2c = v(gΛ(c)).

The four possible infrastructures underlying SNSG-networks connecting nodes 1, 2, 3
and 4 are represented in Figure 2. A simple calculation shows that the investment
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�
�
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�
�
�
���
�
�
�
�
�
�
�
�
��

1

2 3

4

g4

Figure 2: Connected SNSG-infrastructures for n = 4

vectors which support each of them optimally, i.e. maximizing the net value, are the
following:

g1 2 3 4
1 c c c
2 0 0 0
3 0 0 0

,

g2 2 3 4
1 c c c
2 0 c 0
3 0 0 0

,

g3 2 3 4
1 c c c
2 0 c c
3 0 0 0

and

g4 2 3 4
1 c c c
2 0 c c
3 0 0 c

,

and their net values are:

v(g1) = gΛ(c) + 11δ(c) + 2× 11× δ(c)δ(c)− c

= 9.2 + 11× (
1.48

8.95
) + 2× 11× 0.4× (

1.48

8.95
)−

2.96

8.95
= 12.143.

9Both an optimal star or an optimal complete network of homogeneous nodes have all links of the
same strength.

11



v(g2) = v(g∆(c)) + 11× δ(c) + 2× 11× δ(c)× δ(c)− c

= 9 + 11×
1.48

8.95
+ 2× 11×

1.48

8.95
× 0.4−

2.96

8.95
= 11. 943.

v(g3) = v(g∆(c)) + 2× 11× δ(c) + 11× δ(c)× δ(c)− 2c

= 9 + 2× 11×
1.48

8.95
+ 11×

1.48

8.95
× 0.4− 2×

2.96

8.95
= 12.704.

v(g4) = v(g∆(c)) + 3× 11× δ(c)− 3c

= 9 + 3× 11×
1.48

8.95
− 3×

2.96

8.95
= 13.465.

Now consider the following non SNSG-network

g 2 3 4
1 c c c
2 0 0 c
3 0 0 c

v(g) = gΛ(c) + 3× 11× δ(c)− 3× c = 13.665.

Thus g strictly dominates the four optimal SNSG-networks. Therefore, efficiency is
not reached by any strong nested split graph network.

6 Concluding remarks

An obvious line of further work is the question of stability in the connections model
with heterogeneous nodes and links, which we have not addressed in this work. Olaizola
and Valenciano (2021) consider a notion of pairwise stability “under free cost sharing”
in a model with heterogeneous nodes and homogeneous links and show that efficiency
and stability in this sense are compatible. Olaizola and Valenciano (2022) introduce a
notion of “marginal equilibrium”, a weak form of local Nash equilibrium, in a model
with homogeneous nodes and heterogeneous links, and show that efficiency and stability
in this sense are incompatible. It may be interesting applying both notions of stability
in the more general model considered in this paper.
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