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BEST-RESPONSE REASONING LEADS TO

CRITICAL-MASS EQUILIBRIA

(PREPRINT)

ADAM TAUMAN KALAI AND EHUD KALAI

Abstract. Best-response reasoning leads the players of an n-person strategic
game to one of n possible critical-mass equilibrium concepts, C1, ..., Cn, with

C1=dominant strategy equilibrium and Cn=Nash equilibrium. These concepts

were used earlier by Eliaz (2002) and others in studies of robust implementa-
tion, large games, and equilibrium viability. For increasing m, the justification

of Cm equilibrium requires a larger critical mass of players that adhere to

their equilibrium strategies. The use of stag hunt games in the proof of the
main theorem provides new insights into the age-old topic of stability of social

contracts.

1. Introduction, motivation and summary

Nash equilibrium and dominant strategy equilibrium are frequently used in social
science, computer science, evolutionary biology, and other fields. The rationale for
both of these equilibrium concepts is based on best-response considerations: a
player would play a strategy if it is an optimal response to certain strategy profiles
of its opponents. This leads to a natural question: does best-response reasoning
lead to other equilibrium concepts useful for understanding strategic interactions?

For n-person strategic games, this paper identifies essential properties of equilib-
rium concepts that are justified by best response considerations, and characterizes
the n non-trivial equilibrium concepts that satisfy these properties. The charac-
terized equilibrium concepts have previously been used under different names in
the literature on robust implementation and equilibrium viability by Eliaz (2002),
Abraham et al. (2006), Gradwohl and Reingold (2014), and others. Following Kalai
(2019), we refer to them as “critical mass” equilibrium concepts, as each concept
requires a minimal critical mass of equilibrium adherents to justify its play.

The critical-mass equilibrium concepts provide deeper understanding of issues
related to strategic stability in a variety of applications, including social contracts.
Specifically in n-person strategic games, there are n distinct non-trivial equilibrium
concepts that satisfy the essential characterizing properties. These n equilibrium
concepts include dominant strategy and Nash equilibrium, with the n−2 additional
concepts nested between the two in decreasing levels of stability. As discussed by
Kalai (2019), membership in these can be used to naturally assign an index of
stability, described below, which orders the n equilibrium concepts.
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1.1. A characterization theorem. We fix an integer n ≥ 2 and restrict our
attention to n-person strategic games u. An equilibrium concept is a correspon-
dence E that assigns to every game u a subset of its (strategy) profiles, E(u). A
Best-Response Equilibrium Concept (BREC) is defined in this paper by three con-
ditions, or axioms, that are shared by Nash and dominant strategy equilibria: (1)
Best-Response Monotonicity—an equilibrium π remains an equilibrium if the set of
profiles to which it is a best response is enlarged; (2) the Sure Thing Principle—if
π is an equilibrium in two different games, then π remains an equilibrium under un-
certainty about which of the two games is played; and (3) an axiom of Anonymity,
standard for most solutions concepts in game theory. Section 2 formally defines
these principles.

This paper characterizes the n possible non-trivial distinct equilibrium concepts
that satisfy the three conditions above: C1, C2, . . . , Cn. For m = 1, 2, ..., n, each
Cm consists of the strategy profiles π that satisfy the following condition of m-self-
sustainability: for any group of m players, whenever all the members of the group
play their π strategies, each group member’s π strategy is a best response, regardless
of the strategies played by outsiders to the group. Put another way, the adherence
to π by any group of m players guarantees that each of the group members is
playing optimally according to its individual selfish incentives. As remarked below,
this condition is stronger than it seems on the surface.

Theorem 1 (Main result). In n-person games, C1, C2, . . . , Cn are the unique non-
trivial1 equilibrium concepts that satisfy Axioms 1-3.

By definition, C1 is the set of dominant strategy equilibria, and Cn is the set of
Nash equilibria. Clearly, Cm ⊆ Cm+1 because each member of a group of m + 1
players adhering to π is also a member of a group of m π-adherents. Thus, for the
class of n-person strategic games there are exactly n non-trivial BRECs, which are
nested in a progression that leads from dominant strategy to Nash equilibrium, i.e.,
for any game u:

Dominant strategy eq(u) = C1(u) ⊆ C2(u) ⊆ · · · ⊆ Cn(u) = Nash eq(u).

Two immediate conclusions are: (1) in two-person games, Nash and dominant
strategy equilibria are the only BRECs, and (2) in games with n > 2 players, there
are n− 2 additional BRECs.

As observed by Kalai (2019), Cm is equivalent to k-fault tolerant Nash equilib-
rium (k-FTNE) first defined by Eliaz (2002), for k = n −m. A k-FTNE π is an
equilibrium in which each player’s π-strategy is a best response as long as k or fewer
players deviate from π. Eliaz (2002) introduced these sets to quantify robustness
for implementation that is tolerant to faulty players. Eliaz was motivated by earlier
studies on fault-tolerant computing (e.g., Goldreich, Goldwasser and Linail, 1998).

Remark 1. The condition of m-self-sustainability used above to describe the crit-
ical mass of profiles π ∈ Cm can be replaced by a seemingly stronger, yet equivalent

1The three axioms are also satisfied by two trivial concepts, namely C0(u) ≡ ∅ and Cn+1(u)
consisting of all strategy profiles, regardless of the game u. Though mathematically natural, these

concepts are uninteresting as they do not depend on the game’s payoffs.



BEST-RESPONSE REASONING LEADS TO CRITICAL-MASS EQUILIBRIA 3

condition of critical mass: m-chain-reaction. This condition means that the adher-
ence to π by any m players motivates adherence to π for all the n players of the
game.2

1.2. Critical mass and equivalent indices of stability. Kalai (2019) defines an
index called the Nash Critical Mass NCM(π, u) to be the smallest positive integer m
such that in any group of m players, each πi is a best response to any profile in which
the other m−1 group members adhere to π, no matter what strategies are played by
the group outsiders. It is easy to see that NCM(π, u) = min{m ≥ 1 | π ∈ Cm(u)},
and equivalently we have Cm(u) = {π : NCM(π, u) ≤ m}. One can replace the NCM
index above by other equivalent stability indexes (order preserving or reversing), to
obtain equivalent definitions of the Cm concepts—see the Section 8. Indeed, order
equivalent indices to NCM were presented and used in applications studied by Eliaz
(2002), Abraham et al. (2006), Gradwohl and Reingold (2014), Kalai (2019), and
others.

Collectively, this line of prior work illustrates that equilibria with lower NCM val-
ues have stronger theoretical properties, perform well in broader sets of applications,
and are better predictors of strategic behavior. From a theoretical viewpoint, the
current paper provides a justification of each one of these indices: the equilibrium
concepts Cm that these equivalent indices identify are exactly the ones justified by
the best response axioms. However, other than being order equivalent to NCM, our
analysis gives no insight into the numeric values of such indices, whether they take
integer values 1, 2, ..., n, fractions in [0, 1], or any other monotonic transformation.

1.3. Examples and further applications. Stronger robustness properties are
well known and understood when comparing dominant-strategy equilibria C1 with
Nash equilibria Cn. However, comparisons of Cm robustness for 1 < m < n provide
similar meaningful strategic insights as illustrated in the games below. These are
simple versions of stag hunt games with equilibria that may be viewed as social
contracts. See Section 5 for a broader discussion of such stag-hunt games.

Example 1 (Pm: Social participation game subject to critical mass). Simulta-
neously, each member in a community of n = 60 players must choose between
participating in a low- or high-risk activity, L or H respectively. The payoff to an
L participant is 0; and the payoff to an H participant is 1 if the total number of H
participants exceeds critical-mass m but it is -1 otherwise. We consider the social

agreement equilibrium ~H, in which all 60 players choose H.

Compare this full-participation equilibrium ~H in two games: the low-bar game
P2, in which a best-responder should play H iff at least one opponent does; with the
high-bar game P60, in which a best-responder should play H iff all 59 opponents do.

The intuition that ~H is more likely to be played in the low bar game is not captured

by the conventional best-response equilibria, since ~H is a non-dominant-strategy
Nash equilibrium in both games.

However, the equilibria Cm with the intermediate m values do express a signif-

icant difference: In the low-bar game ~H ∈ C2(P2) whereas in the high bar game

2Clearly, the m-chain-reaction condition implies m-self-sustainability. Conversely, in any pro-

file θ in which a group M of m players play their π strategies, one can see that πj is a best response
for any player j /∈ M by applying m-self-sustainability to a group of m players that includes j

and m− 1 members of M .
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~H is only in C60(P60) and ~H /∈ C59(P60). That is, in the low-bar game P2 every
group of 2 or more players is self-sustainable, while only the group of all 60 players
is self-sustainable in the high bar game P60.

The example above illustrates that C2(u) may be thought of as nearly dominant
strategy equilibrium: conditional on the play of π by any one player, π is a dominant
strategy for the rest. At the other end any Nash equilibrium π /∈ Cn−1(u) may be
thought off as a flimsy Nash equilibrium: it has Nash critical mass n so best response
play of π requires compliance of all opponents.

1.4. Comparisons with game theoretic refinements. The game theory liter-
ature on refinements of Nash equilibrium was motivated by goals similar to those
of the current paper. However, the refinement literature later fragmented. It de-
parted from the standard best-response framework in several different directions
and made use of mathematical concepts much richer than simple best response.
The current paper avoids fragmentation and complexity: it remains wholly within
the best-response framework, and its reasoning is sufficiently simple to be followed
by actual players.

Nevertheless, despite its standard approach and simplicity, critical mass equilib-
rium provides further insights not obtained by other game theory refinements. For

example, the full participation equilibrium ~H in the social participation games Pn
above becomes increasingly brittle as the number of players n increases: perfect
full participation by every one of the n players in the game is critical to justify the
participation of any one of the n players. Thus, a fear that some player may fail to
participate would be enough to convince some player not to participate. Moreover,
even a fear about such fear is enough to motivate somebody against participation,
and so forth.

But regardless of n and how brittle ~H is, it passes standard refinement tests—for

example ~H is a Perfect, Proper, Strong, and Coalition-Proof equilibrium of all Pn.
Similarly, Kalai (2019) illustrates an equilibrium that is brittle in the sense of the
current paper, yet is Stochastically Stable in the senses of Young (1993) and of
Kandori, Mailath, and Rob (1993).

Other examples from Kalai (2019) point to insights suggested by critical mass
concepts regarding issues of equilibrium formation and defection, equilibrium tran-
sition, and also to applications showing that the NCM index does not capture all
aspects of stability. However, based on the characterization theorem of the current
paper, any such applications would require reasoning beyond the best-response
framework. Relationships of the critical-mass concept, which is static, to issues of
adaptive learning as in Crawford (1995), are left for future research.

1.5. Proof structure. Our proof of the main theorem is based on the best-response
structure of stag hunt games like the social contract game Pm above, studied in the
1700s by the philosophers Jean-Jacques Rousseau and David Hume (e.g., Skyrms,
2001). We prove two propositions showing that hunting agreements in stag hunt
games are the “least stable” equilibria in any Cm. The first proposition shows that
if a hunting profile is in an equilibrium concept E for a stag hunt game that requires
m hunters (Pm in the example above), then E(u) ⊇ Cm(u) for any game u. The
second proposition shows that if any critical-mass-m equilibrium is in E , then the
corresponding hunting equilibrium in the stag hunt game that requires m hunters
must also be in E .
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2. Preliminary definitions

Fix n ≥ 2 and denote the set of players by N = {1, 2, . . . , n}. An n-person game
is defined on a domain Θ = ×i∈NΘi and joint payoff function u : Θ → Rn, where
Θi are (finite or infinite) sets of individual strategies, and Θ is the set of strategy
profiles. Here ui(θ) ∈ R is the payoff to player i when the profile θ ∈ Θ is played.
For brevity and without loss of generality, we may restrict the description of a game
to its joint payoff function u alone, with the understanding that the profiles of the
game are described by Θ(u) ≡ domain(u), and refer to its elements as profiles of u.
Henceforth, we refer to a joint payoff function u as an n-person game, and let Un
denote the set of such n-person games, referred to simply as games.

Because of the product structure of a domain, we denote the individual strategies
of each player i by Θi(u) = Θi(ui). As is standard, for a profile θ ∈ Θ, we denote
by θ−i ≡ (θ1, . . . , θi−1, θi+1, . . . , θn) and analogously for Θ−i(u). We define the
best-response justifications for player i playing a particular strategy αi to be the
opponent profiles to which αi is a (weak) best response,

(2.1) Ji(αi, ui) ≡ {θ−i ∈ Θ−i(ui) | ui(αi, θ−i) ≥ ui(βi, θ−i) for all βi ∈ Θi(ui)} .

An equilibrium concept E associates a set (possibly empty) of profiles E(u) ⊆
Θ(u) with each game u ∈ Un. There are two trivial equilibrium concepts, E(u) ≡
Θ(u) for all u ∈ Un, and E(u) ≡ ∅ for all u. All other concepts are called non-trivial.
Two major equilibrium concepts of game theory, Nash and dominant strategy equi-
libria, are non-trivial concepts based entirely on best-response justifications:

ENash(u) ≡ {π ∈ Θ(u) | π−i ∈ Ji(πi, ui) for every player i}(2.2)

EDom(u) ≡ {π ∈ Θ(u) | Ji(πi, ui) = Θ−i(ui) for every player i}.(2.3)

When the game u is understood from the context, we may say that the profile π is
an E-equilibrium to indicate that π ∈ E(u).

We say that in profile θ player i adheres to π (and that player i is a π-adherent, or
just an adherent) if θi = πi. Finally we define the adherence a(θ, π) = |{i | θi = πi}|
between two profiles to be the number of (mutual) adherents, i.e., the symmetric
quantity which is simply the number of coordinates on which they agree.

Remarks. We assume that Θi includes the relevant pure and mixed strategies
under consideration for player i, thus we do not need to separately model random-
ization. Also note that the existence of equilibria requires further assumptions such
as boundedness. Since we do not require existence, we make no such assumptions.
However, they could easily be added.

The goal of this paper is to identify other equilibrium concepts that are based
on best-response justifications, especially ones that improve our understanding of
strategic interaction. Towards this goal, Section 3 defines three axioms that such
equilibria should satisfy.

3. Axioms and Equilibrium Concepts

A Best-Response Equilibrium Concept (BREC) E is defined to be one that sat-
isfies Axioms 1-3 below.
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3.1. Best-Response Monotonicity. The first axiom, Best-Response Monotonic-
ity (BRM), states that a BREC should be monotonic in Ji. In particular, if the
payoff of one player i is modified to u′i so that its equilibrium strategy is a best
response to even more profiles of its opponents, then the equilibrium remains.

Axiom 1 (BRM). Let u, u′ ∈ Un with Θ(u) = Θ(u′) and let i ∈ N such that for
all j 6= i, uj = u′j. If π ∈ E(u) and Ji(πi, ui) ⊆ Ji(πi, u′i), then π ∈ E(u′).

The BRM axiom above is applicable to changes in the payoffs of one player. But
it is equivalent to simultaneous changes of payoffs of more than one player. This
follows from the fact that a player’s justification set Ji(πi, ui) is a function only of
that player’s payoff ui.

Observation 1 (Simultaneous BRM). Let E be an equilibrium concept satisfying
BRM. Let u, u′ ∈ Un with Θ(u) = Θ(u′) and π ∈ E(u) be such that and Ji(πi, ui) ⊆
Ji(πi, u

′
i) for all i ∈ N . Then also π ∈ E(u′).

Proof. Consider intermediate games u = u0, u1, u2, . . . , un = u′ where game ui is
the same as game ui−1 except that player i’s payoffs are updated to u′i. These

games all satisfy π ∈ E(ui) by BRM, since Ji(πi, u
i−1
i ) = Ji(πi, ui) ⊆ Ji(πi, u

′
i) =

Ji(πi, u
i
i).

BRM has other important consequences. For instance, it implies a scale invari-
ance property as well, where we scale all payoffs by a positive constant.

Observation 2 (Scale Invariance). Consider constant c > 0 and two games u, u′

with Θ(u) = Θ(u′) and ui(θ) = c·u′i(θ) for all i ∈ N , θ ∈ Θ(u). Then E(u) = E(u′).

Proof. This follows from simultaneous BRM because rescaling by a positive con-
stant does not change the justification sets.

3.2. Sure Thing Principle. Following common terminology, the Sure Thing Prin-
ciple axiom states that if the same profile π is an equilibrium in two different games
u, u′, then it is also an equilibrium in a game in which nature randomizes which
of the two games is played. That is to say, if nature flips a coin with bias λ to
determine whether game u or u′ is played and players have to choose a strategy to
use in either game, then it is an equilibrium in this random game for them to choose
any equilibria common to the two component games. But as illustrated below, it
may be the case that new equilibria are introduced.

Axiom 2 (Sure Thing Principle). For any u, u′ ∈ Un with Θ(u) = Θ(u′) and any
0 ≤ λ ≤ 1, it must be the case that E(u) ∩ E(u′) ⊆ E(u′′) where u′′ : Θ(u)→ Rn is
defined by u′′(θ) ≡ λu(θ) + (1− λ)u′(θ).

The Sure Thing Principle is also motivated by best response, in the following
sense. Both Nash and dominant strategy equilibria can be defined as mutual best
responses, for different notions of optimality. The Sure Thing Principle in Decision
Theory states that if a decision is optimal in the case of an event E and its com-
plement ¬E, then it is optimal regardless (Savage, 1954). Applying this principle
separately to the response optimality of each player gives the above axiom.
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Example 2. New equilibrium emerge under uncertainty, but old uniform ones are
not eliminated. Consider the following three games:

Sunny-day game
walk eat

walk 4, 0 0, 0
eat 0, 0 1, 1

Rainy-day game
walk eat

walk 0, 4 0, 0
eat 0, 0 1, 1

50/50-day game
walk eat

walk 2, 2 0, 0
eat 0, 0 1, 1

These two-person games have 0 payoffs if players do not coordinate on the same
action. Player 1 likes to walk in the sun while player 2 likes to walk in the rain. If
the unknown weather is equally likely to be rain or sun, then the expected payoffs are
those of the 50/50 game. The Sure Thing Principle implies that, if π = (eat, eat) is
an equilibrium in the Sunny and Rainy games, then π must also be an equilibrium
in the 50/50 game. In the 50/50 game, one can imagine (walk,walk) emerging as a
new equilibrium. The Sure Thing Principle, however, says that π is not eliminated.
This is justified by best response: if each player is motivated by best-responses, and
eat is an optimal response in both games, then it must be an optimal response in the
50/50 game. Put another way, “making deals” is not required for a best-responder.
There may be reasonable equilibrium concepts that exclude (eat, eat) in the 50/50
game, but such concepts must use reasoning outside of a best-response framework.

3.3. Anonymity. This standard axiom states that equilibria should be invariant
to the names of players and to the labels and replication of strategies.

Axiom 3 (Anonymity). Let u ∈ Un.

(1) Player anonymity: Let σ : N → N be a permutation, let σ(θ) ≡(
θσ(1), θσ(2), . . . , θσ(n)

)
, and let u′ ∈ Un be the game defined by,

u′σ(i)(θ) ≡ ui(σ(θ)) for all i ∈ N, θ ∈ Θ(u) and Θσ(i)(u
′) ≡ Θi(u).

Then E(u′) = {π ∈ Θ(u′) | σ(π) ∈ E(u)}.
(2) Strategy anonymity: Let u′ ∈ Un and let τi : Θi(u

′) → Θi(u) for i ∈ N
be surjective (onto) functions such that:

u′(θ) = u (τ1(θ1), . . . , τn(θn)) for all θ ∈ Θ(u′).

Then, E(u′) = {θ ∈ Θ(u′) | (τ1(θ1), . . . , τn(θn)) ∈ E(u)}.

The surjective requirement in (2) guarantees that the game u′ is formed by
renaming and possibly replicating strategies. Equivalently, (2) can be written as
two separate properties for any given player i: (2a) renaming its strategies with
a bijection between Θi(u

′) and Θi(u), and (2b) duplicating strategies defined as
follows:

Observation 3 (Strategy duplication). Let E be an equilibrium concept satisfying
Anonymity. Let u, u′ ∈ Un and τi : Θi(u

′) → Θi(u) for i ∈ N be such that
Θ(u) ⊆ Θ(u′) and:

τi(θi) = θi for all θi ∈ Θi(u)

u′(θ) = u (τ1(θ1), . . . , τn(θn)) for all θ ∈ Θ(u′).

Then, E(u′) = {θ ∈ Θ(u′) | (τ1(θ1), . . . , τn(θn)) ∈ E(u)}.

Proof. This follows trivially as a special case of Strategy anonymity, because the
above τ is clearly surjective.
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Moreover, Anonymity also implies that one can remove redundant strategies:

Observation 4 (Redundant strategy elimination). Let E be an equilibrium concept
satisfying Anonymity. Let u, u′ ∈ Un and τi : Θi(u) → Θi(u

′) for i ∈ N be such
that Θ(u′) ⊆ Θ(u) and:

τi(θi) = θi for all θi ∈ Θi(u
′)

u(θ) = u′ (τ1(θ1), . . . , τn(θn)) for all θ ∈ Θ(u).

Then, E(u′) = E(u) ∩Θ(u′).

Proof. One can view a removal of redundant strategies as a duplication going from
u′ to u. In particular, apply the previous observation 3 swapping u and u′. The
observation states that, E(u) = {θ ∈ Θ(u) | (τ1(θ1), . . . , τn(θn)) ∈ E(u′)}. Hence,

E(u) ∩Θ(u′) = {θ ∈ Θ(u′) | θ ∈ E(u′)} = E(u′),

because τi(θi) = θi for all θi ∈ Θi(u
′).

4. Characterization

Note that an equilibrium concept is a more general notion than an index that
assigns a value to each profile, such as the Nash critical mass. An index implies
a transitive order on profiles in which any two profiles can be compared, whereas
equilibrium concepts could be partially overlapping and not nested. This paper
imposes axioms on equilibrium concepts and does not presuppose the existence of
an index. However, it follows that the concepts that satisfy our axioms are nested
and thus naturally give rise to an ordering of equilibria.

We first define the equilibrium concepts Cm in terms of best-response justification
sets Ji from Eq. (2.1). To this end, for k ≥ 0 it is helpful to define the k-adherence
ball around profile π in a domain of profiles S as:

Ak(π, S) ≡ {θ ∈ S | a(θ, π) ≥ k}.
Recall that a denotes the number of adherents to π, i.e., a(θ, π) = |{i | θi = πi}|.
Ak(π) is a “ball” as it is the set of points of a bounded hamming distance from π.
We omit S when it is clear from context, so Ak(π−i) = Ak(π−i,Θ−i(u)).

Note player i is a member of a group of m adherents whenever it and at least
m− 1 of its opponents play according to π. Hence, Cm is defined as follows.

Definition 1 (Cm). For all u ∈ Un, define C0(u) ≡ ∅ and, for 1 ≤ m ≤ n+ 1:

Cm(u) ≡ {π ∈ Θ(u) | Am−1(π−i) ⊆ Ji(πi, ui) for all i ∈ N} .

Alternatively, Cm consists of the profiles π in which each player is best responding
to its opponents as long as at least m−1 of them play π. This can be written directly
without using justification sets as,

Cm(u) = {π ∈ Θ(u) | ui(πi; θ−i) ≥ ui(θ) for all i, θ s.t. a(θ−i, π−i) ≥ m− 1}.
From these definitions, it is clear that not only are the m players in such an adher-
ence group best responding by adhering to π, playing πi is a best response for all
players if at least m players adhere to π.

For every game u, C1(u) is the set of dominant strategy equilibria which are fully
justified since A0(π−i) = Θ−i(u); Cn(u) is the set of Nash equilibria of u, since
An−1(π−i) = {π−i} and Nash equilibria are mutual best responses; and Cn+1(u) =
Θ(u) since An(π−i) = ∅.
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Observation 5. For all u ∈ Un:

∅ = C0(u) ⊆ C1(u) = EDom(u) ⊆ · · · ⊆ Cn(u) = ENash(u) ⊆ Cn+1(u) = Θ(u).

Proof. These properties follow directly from the definitions of Cm, Nash equilibrium
and dominant strategy equilibrium.

With these definitions, we can restate Theorem 1 from the introduction, includ-
ing the trivial concepts C0 and Cn+1.

Theorem 2. In n-person games, there are n + 2 distinct equilibrium concepts
satisfying Axioms 1-3, namely C0, C1, . . . , Cn+1 from Definition 1.

Since C0 is the trivial empty concept and Cn+1 is the trivial concept that contains
all profiles, there are n non-trivial concepts satisfying the axioms, and they are the
nested concepts ranging from dominant, C1, to Nash, Cn.

As pointed out by Kalai (2019), Cm is equivalent to the so-called (n−m)-Fault-
Tolerant Nash Equilibria of Eliaz (2002) that are defined by resilience to n − m
players not following π. The Nash critical mass NCM(π, u), discussed in the intro-
duction, can be formally defined through the definition of Cm as follows:

NCM(π, u) ≡ min{1 ≤ m ≤ n+ 1 | π ∈ Cm(u)} or

Cm(u) = {π ∈ Θ(u) | NCM(π, u) ≤ m}.
Since Cn+1(u) = Θ(u), NCM is well-defined for all profiles regardless of whether or
not they are Nash equilibria.

Another equivalent way to define the Nash critical mass of u, see (see Kalai,
2019), is NCM(u) = n − D(π, u) + 1, where the defection index D(π, u) is the
smallest integer d such that for some player i and some profile θ with d π-defectors,
πi is not a best response to θ.

5. The Nash critical mass and stag hunt games

In the 1700s, the philosophers Jean-Jacques Rousseau and David Hume used stag
hunt games to illustrate a special type of stability in strategic interactions (see, e.g.,
Skyrms, 2001). Stag hunt games play a key role in our analysis, as described below.

For each t = 1, 2, . . . , n + 1, consider the stag hunt game with threshold t in
which every player i has two strategies Θi = {H,L}. Here H denotes hunting and
L denotes lazing.

The payoff of lazing is 0, while the payoff of hunting is 1 if there are at least
t hunters (players choosing H), otherwise it is -1. Formally, the stag hunt payoffs
st : {H,L}n → Rn are,

(5.1) sti(θ) ≡


1 if θi = H and

∣∣{j ∈ N | θj = H}
∣∣ ≥ t

0 if θi = L

−1 if θi = H and
∣∣{j ∈ N | θj = H}

∣∣ < t

It is not difficult to see that the profile ~H ≡ (H,H, . . . ,H) is a Nash equilibrium
for all 1 ≤ t ≤ n and is dominant for t = 1. In particular, the strategy H is justified
as long as ≥ t− 1 opponents play H:

Ji(H, s
t
i) = At−1( ~H−i) = {θ−i ∈ {H,L}n−1 | a(θ−i, ~H−i) ≥ t− 1}.

Thus NCM( ~H, st) = t and ~H ∈ Ct(st). Moreover, these are the minimal best-
response justification sets possible for critical mass t.
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6. Proof of the main theorem

We first argue that each Cm satisfies the axioms and then, more interestingly,
argue that they are the unique equilibrium concepts that satisfy these axioms.

Lemma 1. The concepts C0, C1, . . . , Cn+1 are distinct and satisfy Axioms 1-3.

Proof. The fact that ~H ∈ Ct(st) \ Ct−1(st) for the stag hunt games with t =
1, 2, . . . , n + 1 shows that C0, . . . , Cn+1 are distinct concepts. Next we argue that
Cm satisfies Axioms 1-3 for any m.

Each Cm clearly satisfies BRM because Cm is defined by having the best-response
justification sets containing a ball of radius m− 1, which certainly remains true if
the justification sets are enlarged. To see that Cm satisfies the Sure Thing Principle,
assume that π ∈ Cm(u) ∩ Cm(u′), i.e., each πi is a best-response in both u and u′

against any profile θ that involves at least m − 1 opponents following π. But the
notion of best-responses satisfies the Sure Thing Principle, implying that for any
0 ≤ λ ≤ 1, each πi is a best response in λu + (1−)λu′ against any such profile,
and thus π ∈ Cm(λu+ (1− λ)u′). Finally, the definition of Cm is clearly symmetric
to player order. Moreover, duplicating or renaming strategies does not affect best
responses, hence Cm satisfies Anonymity.

The rest of this section is devoted to proving the other direction of the main
theorem: that any equilibrium concept E that satisfies Axioms 1-3 must be one of
C0, C1, . . . , Cn+1.

Proposition 1. Let E be an equilibrium concept satisfying BRM and Anonymity.

Then for any 1 ≤ t ≤ n+ 1, if ~H ∈ E(st) then E(u) ⊇ Ct(u) for all u ∈ Un.

Proof. Fix any 1 ≤ t ≤ n+1 and suppose ~H ∈ E(st). For any u ∈ Un and π ∈ Ct(u),
we must show that π ∈ E(u). Fix such a π ∈ Ct(u). WLOG, we can assume that
Θi(u) has at least two strategies for each player i. This follows from Anonymity,
because for any player that only has πi as a strategy, we can duplicate πi to create
a second equivalent strategy without affecting π’s membership in E(u) or Ct(u), by
Observation 3.

Next, we consider a hybrid game u′ ∈ Un between the game st and u, with u’s
profiles Θ(u′) = Θ(u) but whose payoff function u′ “mimics” st:

u′i(θ) =


1 if θi = πi and a(θ, π) ≥ t
0 if θi 6= πi

−1 if θi = πi and a(θ, π) < t

The games u′ and st are equivalent up to renaming πi to H and every other strategy
to L. Because we have ensured that each player has at least two strategies, at least

one strategy corresponds to L. Thus by Anonymity, since ~H ∈ E(st), it follows
that π ∈ E(u′).

Next, we claim:

Ji(πi, u
′
i) = At−1(π−i) ⊆ Ji(πi, ui).

The first equality holds by definition of u′ and At−1. The second follows from the
definition of Ct and the fact that π ∈ Ct(u). Since π ∈ E(u′), Simultaneous BRM
(see Observation 1) implies π ∈ E(u).
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The more difficult direction is to show that if, for some u and π ∈ E(u) and

NCM(π, u) ≥ t (i.e., π /∈ Ct−1(u)), then ~H is an equilibrium for the game st. An
equivalent statement is described in the next proposition.

Proposition 2. Let E be an equilibrium concept satisfying Axioms 1-3 and let

1 ≤ t ≤ n+ 1. If ~H /∈ E(st), then E(u) ⊆ Ct−1(u) for all u ∈ Un.

Before we prove Proposition 2, we use it and Proposition 1 to prove the main
theorem.

Proof of Theorem 2. Given Lemma 1, it remains to prove that any equilibrium
concept E that satisfies Axioms 1-3 must be E = Cm for some 0 ≤ m ≤ n+1. First,

if ~H /∈ E(s1), then Proposition 2 implies that E(u) ⊆ C0(u) = ∅ for all u, hence
E = C0 and we are done. Otherwise, we claim that E = Cm for,

m = max{1 ≤ t ≤ n+ 1 | ~H ∈ E(st)}.

By Proposition 1, Cm(u) ⊆ E(u) for all u. It remains to show that E(u) ⊆ Cm(u) as

well. If m ≤ n, ~H /∈ E(sm+1), hence Proposition 2 implies that E(u) ⊆ Cm(u) for
all u. If m = n+ 1, trivially E(u) ⊆ Cm(u) = Θ(u) for all u. Thus E = Cm.

The remainder of this section is devoted to the proof of Proposition 2. To this
end, it will be helpful to define, for each t ≥ 0, the game ht which is somewhat
simpler than st. As stepping stones for the proof, we use additional games f t and
gt. The three games are defined as follows for each 1 ≤ t ≤ n+ 1:

Θ(f t) ≡ Θ(gt) ≡ Θ(ht) ≡ {H,L}n

hti(θ) ≡

{
1 if θi = L and a(θ, ~H) ≤ t− 2

0 otherwise
where ~H ≡ (H,H, . . . ,H)(6.1)

gti(θ) ≡

{
1 if θi = L and a(θ, ~H) = t− 2

0 otherwise
(6.2)

f ti (θ) ≡

{
1 if i = 1 and θ = δt

0 otherwise
where δt ≡ (L,L, . . . , L︸ ︷︷ ︸

n−t+2

, H,H, . . . ,H︸ ︷︷ ︸
t−2

)(6.3)

Note that for t = 1, the three games are defined to have identically 0 payoffs. Also
observe that the hunting equilibrium in ht and st are similar in the following sense.

Observation 6. Let E be an equilibrium concept satisfying BRM, and let t ≥ 0.

Then ~H ∈ E(ht) if and only if ~H ∈ E(st).

Proof. The two games have identical strategies: Θ(ht) = Θ(st) = {H,L}n. We
claim they also have identical justification sets:

Ji(H,h
t
i) = Ji(H, s

t
i) = At−1( ~Hi−1).

To see this for ht, notice that as long as at least t− 1 opponents play H, a player’s
payoff will be 0 regardless, hence H is a best response. On the other hand, if fewer
than t − 2 opponents play H, then H is not a best response. A similar argument

applies for st. Thus, by BRM, ~H ∈ E(st) if and only if ~H ∈ E(ht).
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The proof of Proposition 2 will be structured as follows. The above observation

means that, to prove Proposition 2, we need only show that if ~H /∈ E(ht), then
E(u) ⊆ Ct−1(u) for all u ∈ Un. This will be proven by contradiction, assuming that

E(u) 6⊆ Ct−1(u) and showing that ~H ∈ E(ht). This will be shown by first showing

that ~H ∈ E(f t) and how this implies that ~H ∈ E(gt) and ultimately ~H ∈ E(ht).

Lemma 2. Let 1 ≤ t ≤ n+1. Let E be an equilibrium concept satisfying BRM and

Anonymity, such that E(u) * Ct−1(u) for some u ∈ Un. Then ~H ∈ E(f t).

Proof. Fix 1 ≤ t ≤ n + 1 and u and π ∈ E(u) such that m = NCM(π, u) ≥ t,
equivalently π /∈ Ct−1(u). By definition of Ct−1, there must be some player i and
some defection profile γ such that ui(γ) > ui(πi; γ−i) with a(γ−i, π−i) = m − 2,
otherwise NCM(π, u) < m.

WLOG, by Anonymity, we can permute players and rename strategies so that
i = 1 and,

π = ~H = (H,H, . . . ,H︸ ︷︷ ︸
n

)

γ = (L,L, . . . , L︸ ︷︷ ︸
n−m+2

, H,H, . . . ,H︸ ︷︷ ︸
m−2

)

u1(γ) > u1(H; γ−1).

Clearly all players have a strategy named H and the first n −m + 2 players also
have strategies named L. We construct a game u′ where each player has strategies
called L and H, among others. For each player i > n−m+2, we duplicate strategy

H to form a new3 strategy named L. By Anonymity, ~H ∈ E(u′). Thus H and L are
equivalent for the last m−2 players (but not for others). Next, recall the definition
of profile δt defined in Eq. (6.3):

δt ≡ (L,L, . . . , L︸ ︷︷ ︸
n−t+2

, H,H, . . . ,H︸ ︷︷ ︸
t−2

).

Since m ≥ t, H and L are equivalent for players n−m− 2 ≤ j ≤ n− t− 2. Hence,
u′t) = u′(γ) and,

u′1(δt) = u′1(γ) = u1(γ) > u1(H; γ−1) = u′1(H; δt−1).

Now, consider the hybrid game v between u′ and f t which has the profiles Θ(v) =
Θ(u′) of u′ but has all payoffs 0 except v1(δt) = 1. It follows from BRM that
~H ∈ E(v) because the only situation in which H is not a best response in v is for
player 1 at profile δt, but in that case H was also not a best response in u′. Hence
the justification sets Ji(H, vi) ⊇ Ji(H,u

′
i) for each player and Simultaneous BRM

implies that ~H ∈ E(v) because ~H ∈ E(u′).
Finally, we observe that each player’s strategies in v are equivalent to either H or

L, and thus the game can be reduced down to these two strategies per player, which
is exactly the game f t. This holds even in the case of infinitely many strategies. This
is simply a matter of eliminating redundant strategies, which preserves equilibrium
~H by Observation 4.

3To address the possibility that there was already a strategy named L, we can simply double
(through duplication, Observation 3) all of player i’s strategies to form Θi(u

′) = {0, 1} × Θi(u)

and then rename (0, H) to H and (1, H) to L.
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Using the Sure Thing Principle, averaging f t over permutations of players,

Lemma 3 shows the equivalence of ~H ∈ E(f t) and ~H ∈ E(gt).

Lemma 3. Let E be an equilibrium concept satisfying Axioms 1-3. For each 1 ≤
t ≤ n+ 1, ~H ∈ E(f t) if and only if ~H ∈ E(gt).

Proof. Fix 1 ≤ t ≤ n + 1, and for shorthand denote u = f t. First, by BRM, it is

easy to see that if ~H ∈ E(gt) then ~H ∈ E(u), because ~H is more justified in u than
in gt. In particular H is always a best response in u except for player 1 at δt, but
in that case H is also not a best response in gt.

Next, suppose ~H ∈ E(u). It remains to show ~H ∈ E(gt). We consider the game
ū defined by averaging the payoffs of u over all permutations of players. Formally,
let Π(N) denote the set of permutations of players. For σ ∈ Π(N), define the
σ-permuted game uσ : {H,L}n → {0, 1} by,

uσσ(i)(θ) ≡ ui(θσ(1), θσ(2), . . . , θσ(n)) for all θ ∈ Θ(uσ) = {H,L}n.

By Player Anonymity, ~H ∈ E(uσ) for each σ ∈ Π(N). Let ū be the average payoff
in these games which are all on strategy profiles {H,L}n,

ūi(θ) =
1

n!

∑
σ∈Π(N)

uσi (θ) for all i ∈ N, θ ∈ {H,L}n.

By the Sure Thing Principle, ~H ∈ E(ū). It is easy to see that, by symmetry,

ūi(θ) =

{
c if θi = L and |θ − ~H| = t+ 1

0 otherwise,

for some constant c > 0. This is because a constant fraction of the permutations
will result in player i being mapped to player 1 and the remaining defectors being
mapped to players 2 through t+1. Since ū is simply a factor-c rescaling of gt, Scale

Invariance (Observation 2 using BRM) implies ~H ∈ E(gt) as well.

With these lemmas, we can now prove Proposition 2. The best-response struc-
ture of gt and ht differ, in particular H is not a best response in the game when
any t− 2 or fewer players play H while, in gt, H is only suboptimal when exactly
t− 2 players play H. We use the Sure Thing Principle to average the payoffs over
g1, . . . , gt to prove the Proposition.

Proof of Proposition 2. Fix 1 ≤ t ≤ n+1. For the purpose of contradiction, suppose

that ~H /∈ E(st) and fix u ∈ Un such that E(u) * Ct−1(u).
Because the Cj(u) are nested, we also have E(u) * Cj−1(u) for all j ≤ t. Hence,

by Lemma 2, ~H ∈ E(f j). By Lemma 3, we also have ~H ∈ E(gj) for j ≤ t. Consider
the average of these games,

ḡ ≡ 1

t
(g1 + g2 + . . .+ gt).

By the Sure Thing Principle, ~H ∈ E(ḡ). Observe that ḡ = 1
th
t is equivalent to the

game ht with its payoffs scaled down by a factor t. By Scale Invariance (Observation

2), it follows that ~H ∈ E(ht). Finally, by Observation 6 and BRM, this in turn

implies that ~H ∈ E(st), which contradicts the assumption that ~H /∈ E(st) .
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7. Minimality and other equilibrium concepts

With only three axioms, it is not surprising that they are all necessary for our
main theorem. However, it is illuminating to consider natural equilibrium concepts
that violate each of these axioms.

Axiom 1, BRM, is violated by the standard ε-Nash equilibrium notion for every
ε > 0, the generalization of Nash equilibrium in which deviation cannot improve any
player’s payoff by more than ε. To see this, note that ε-Nash equilibrium violates
Scale Invariance, which Observation 2 shows is a consequence of BRM. It is easy to
see that ε-Nash equilibrium respects the other two axioms. It would be interesting
to combine the ε-Nash notion with critical mass. For instance, if we modify the
stag hunt game so that the payoff of failed stag hunting is −ε instead of −1, then

intuitively the ~H equilibrium is more attractive—one might even think of it as an
ε-dominant strategy.

Axiom 2, the Sure Thing Principle, is violated by the concept of trembling-hand
perfect equilibrium of Selten (1975), as illustrated next.

Example 3. Perfect equilibrium versus sure thing principle. Consider the 2-person
game below, in which the column chooser’s (CC’s) payoffs are identically zero and
the row chooser’s (RC’s) payoffs are describe by the payoff table:

Game
L M R

T .5 1 .5
B 1 1 1

It is easy to see that (T,M) is not a trembling hand perfect equilibrium of the
game above, since for any arbitrarily small positive probability ε and δ, representing
trembles of CC, T is a strictly inferior response of RC to CC’s mixed strategy
(ε, 1− ε− δ, δ).

But the game above can be viewed as the 50/50 average of the two uncertain
component games below, and for each one of them (T,M) is a perfect equilibrium.
In particular, for arbitrary small positive probabilities ε: in Comp. Game 1, T is a
best response to the mixed strategies (4ε, 1 − 5ε, ε) of CC, and in Comp. Game 2,
T is a best response to the mixed strategies (ε, 1− 5ε, 4ε).

Comp. Game 1
L M R

T 1 1 0
B 0 1 2

Comp. Game 2
L M R

T 0 1 1
B 2 1 0

The example above is an illustration of a point made in the introduction. Perfect
equilibrium is an equilibrium concept that violates a best-response axiom, and
indeed, its definition relies on considerations outside the standard best-response
framework. As the example shows, the perfect equilibrium concept must include
beliefs about patterns of trembles, in addition to the primitives of the game.

For equilibrium notions that violate Axiom 3, Anonymity, consider asymmetric
positive player weights (wi)i∈N in which a profile π is defined to be an equilibrium
if it is a best response to all profiles where the total adherence weight is greater
than some real W ≥ 0:{

π ∈ Θ(u) | ui(πi; θ−i) ≥ ui(θ) for all i ∈ N, θ ∈ Θ(u) s.t.
∑

j:θj=πj

wj ≥W
}
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This equilibrium concept clearly violates Player Anonymity, and it is not difficult
to see that it satisfies BRM and the Sure Thing Principle.

8. Equivalent indices

This paper’s formal description of the BREC, Cm is closely related to the Nash
critical-mass stability index NCM(π, u), the minimal number of adherents m that
are guaranteed to be best responding regardless of their opponents play. Clearly
we can replace the index NCM by other order preserving or reversing indices of
stability, to obtain equivalent indices with the same level (equilibrium) sets.

For example the group defection-deterrence index D studied by Kalai (2019) is
related to the Nash critical mass by D(π, u) = n − NCM(π, u) + 1. This implies
that π ∈ Cm iff π strongly deters defection of any group of up to n−m+ 1 players.
This goes beyond the standard Nash requirement of deterring the defections of only
single players.

Dual to the defection index above is an index F (π, u), that may be viewed as
the enforcement index of π in the game u. Since F (π, u) = NCM(π, u)− 1, Cm are
the equilibria in which the play of π by any m− 1 players enforces the play of π on
the others, i.e., if the m − 1 players play π, then π becomes a dominant strategy
for each of the remaining players.

The Eliaz (2002) study of fault tolerant equilibrium gives rise to an index of
stability ξ that describes the maximal number of faulty players that each of the non-
faulty players can tolerate, i.e., without being incentivized to defect. Eliaz shows
that strategy profiles with high ξ values can implement outcomes in the presence of
many faulty players. The formal connection, ξ(π, u) = n − NCM(π, u) shows that
profiles in Cm with m ≤ n− ξ(π, u) can implement outcomes in environments with
up to n−m faulty players.

The resilience index, ρ(π, u) = n−NCM(π, u) + 1, was used by Abraham et al.
(2006) to present implementation games for two important situations in computer
science, in which some of the players are faulty. Their implementation is possible
due to the use of equilibria with ρ values that are bounded below, i.e., with m
values that are bounded above.

9. Conclusions

There are n non-trivial equilibrium concepts, C1, C2, . . . , Cn, that satisfy the sim-
ple best-response properties we have defined. In two-person games, the only two
BRECs are dominant strategy and Nash equilibria. But for n > 2, there are an
additional n− 2 BRECs of critical mass m = 2, ..., n− 1 that are useful for analysis
of n-person strategic games. The characterization theorem in this paper gives a
theoretical justification for the critical-mass equilibria.

The critical-mass equilibria are important for understanding applications such as
the social agreement games discussed in the introduction, which may be represented
by stag hunt games studied by philosophers in the 1700s. The proof of the main
theorem shows that of all the equilibria in Cm, full participation in stage hunt games
with threshold m are the most difficult to justify by best response considerations.
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