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Abstract

The limiting behavior of adaptive learning dynamics in monotone games has been widely-studied.

As players eventually choose undominated strategies as a response to past play, such learning pro-

cesses are intrinsically backwards-looking. However, it is reasonable to assume that players antici-

pate and incorporate the backwards-looking behavior of their opponents into their beliefs about the

future. This results in forward-looking dynamics, a topic which has been largely neglected in the

monotone games literature. Using a cognitive hierarchy framework, this paper establishes bounds

on the limits of all such learning processes which allow for k−levels of anticipation in each period

of play, where k may vary both between players and between rounds. Our main result shows that

in the context of a monotone game, a serially undominated strategy exists if, and only if, all such

k−level adaptive dynamics converge to that equilibrium. We then show that experimental data

are better explained by k−level dynamics compared to their backwards-looking counterpart, which

suggests that players are in fact forward-looking.
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1. Introduction

The limiting behavior of adaptive learning dynamics in monotone games has been widely-

studied. As players eventually choose undominated strategies as a response to past play, such

learning processes are intrinsically backwards-looking. However, it is reasonable to assume

that players anticipate and incorporate the backwards-looking behavior of their opponents

into their beliefs about the future. This results in forward-looking dynamics, a topic which

has been largely neglected in the monotone games literature. Using a cognitive hierarchy

framework, this paper establishes bounds on the limits of all such learning processes which

allow for k−levels of anticipation in each period of play, where k may vary both between

players and between rounds. Our main result shows that in the context of a monotone game,

a serially undominated strategy exists if, and only if, all such k−level adaptive dynamics

converge to that equilibrium. We then show that experimental data are better explained

by k−level dynamics compared to their backwards-looking counterpart, which suggests that

players are in fact forward-looking.

The rest of the introduction will be �lled out later.

2. Model and De�nitions

We will assume that there is a non-empty set of players I = {1, 2, ..., N}. Each player

i ∈ I will be assumed to have an action space Ai, which is endowed with a partial ordering

�i, and let � be the product order on the product space A =
∏
i∈I
Ai. Following the standard

lattice concepts described in Topkis (2011), we will assume that Ai is endowed with the

order interval topology. which itself is Hausdor�, and endow A =
∏
i∈I
Ai with the product

topology. Each player i ∈ I will have a utility function given by ui : A → R.

De�nition 1. A game G = {I, (Ai, ui)i∈I} is a monotone game if for each i ∈ I:

1. (Ai,�i) is a complete lattice.

2. πi is continuous in a, and quasisupermodular in ai.
1

1πi is quasisupermodular in ai if for each ai, a
′
i ∈ Ai, and a−i ∈ A−i, πi(ai, a−i) ≥ πi(a

′
i ∧ ai, a−i)⇒

πi(a
′
i ∨ ai, a−i) ≥ πi(a′i, a−i) and πi(ai, a−i) > πi(a

′
i ∧ ai, a−i)⇒ πi(a

′
i ∨ ai, a−i) > πi(a

′
i, a−i).
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3. πi satis�es either the single crossing
2 or decreasing single crossing property3 in (ai; a−i).

We now describe cognitive type spaces, and then connect them with a mode of behavior.

Here we follow Strzalecki (2014) in the formulation of a cognitive type space.

De�nition 2. A cognitive type space is a tuple C = ((Ci)i∈I , (ki)i∈I , (vi)i∈I) such that

1. Each Ci is a measurable space.

2. Each ki : Ci → N ∪ {0} is measurable.

3. Each vi : Ci/k
−1
i (0)→ ∆[C−i] is measurable, and ∀ci ∈ Ci/k

−1
i (0),

vi(ci)
({
c−i ∈ C−i | k−i(c−i) < ki(ci)

})
= 1.

The interpretation is the following: Each ci ∈ Ci is a cognitive type for player i.

Associated with each cognitive type is a cognitive ability ki(ci) ∈ N ∪ {0}, which in our

contexts will be the number of rounds of iterative reasoning that player i who is of cognitive

type ci will be able to carry out. Cognitive types which have cognitive abilities greater than

zero will also have a belief vi(ci) ∈ ∆[C−i] about the cognitive types of others, and hence

beliefs about the cognitive abilities as well as of their opponents as well as about what beliefs

they may have. The equality in Condition 3 is standard in the literature, and says that each

cognitive type with non-zero cognitive ability believes with certainty that all other opponents

have cognitive abilities lower than her own. The motivation for this is straightforward: If a

player i were able to conceptualize how a higher-level player j would behave, then i would

be of a higher cognitive type than j herself. Alternatively stated, any player i will be able

to conceptualize some �nite level k−i of iterative reasoning from her oppontents, and this by

de�nition is what it means for her to be of a cognitive ability greater than k−i.

Note that one thing absent from the de�nition of a cognitive type space is a mode of

behavior for the di�erent cognitive types that a player might be. That is, how exactly

2πi satis�es the single crossing property in (ai; a−i) if for every a
′
i �i ai and a

′
−i � a−i, πi(a′i, a−i) ≥

πi(ai, a−i)⇒ πi(a
′
i, a
′
−i) ≥ πi(ai, a′−i) and πi(a′i, a−i) > πi(ai, a−i)⇒ πi(a

′
i, a
′
−i) > πi(ai, a

′
−i) .

3πi satis�es the decreasing single crossing property in (ai; a−i) if for every a
′
i �i ai and a

′
−i � a−i,

πi(ai, a−i) ≥ πi(a′i, a−i)⇒ πi(ai, a
′
−i) ≥ πi(a′i, a′−i) and πi(ai, a−i) > πi(a

′
i, a−i)⇒ πi(ai, a

′
−i) > πi(a

′
i, a
′
−i).
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should a player with a cognitive type ci with cognitive ability ki(ci) and beliefs vi(ci) be-

have? Strzalecki (2014) suggests the concept of a "cognitive equilibrium", which can be seen

as a Bayesian Nash equilibrium when type spaces are taken to be cognitive type spaces.

Speci�cally, de�ne a strategy for player i as some function si : Ci → Ai. Then a pro�le of

strategies (s∗i )i∈I is a cognitive equilbrium if for each i ∈ I, and ci ∈ Ci such that ki(ci) > 0,

ˆ

C−i

ui(s
∗
i (ci), s

∗
−i(c−i))dvi(ci) ≥

ˆ

C−i

ui(ai, s
∗
−i(c−i))dvi(ci),

for each ai ∈ Ai. As opposed to a cognitve equilibrium, our solution concept will involve

dynamic learning processes which allow for players to anticipate undominated responses to

past play up to arbitrarily high levels of iteration.

2.1. Mode of Behavior

We now describe the mode of behavior of player i with a cognitive type ci. We initially

discuss the 2−player case considting of players i and j, and then extend the analysis to the

arbitrary N− player case. To establish notation, we will consider a sequence of play {at}∞t=0

over time, where each at can be seen as the joint action chosen at time t. We wil be interested

in characterizing tails of this sequence, which we write as

P (t̂, t) = {ak | t̂ ≤ k < t}.

Given this notation, we now describe the following iterative process:

1. ki(ci) = 0 : Players who have a cognitive ability of 0, who we will call Level−0 players,

will be assumed to behave in a naive, non-strategic manner. Speci�cally, we will assume

that they have a bounded memory of arbitrary length K > 0, and that they eventually

come to choose a strategy arbitrarily from the previous K periods of their past play.

Hence, for any Level−0 player, it follows that ∀t̂ ≥ 0, ∃T ≥ 0, ∀t > T ,

ati ∈ Pi(t̂, t) = {at̂i, at̂+1
i , ..., at−1

i }.
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It should be noted that this formulation does not suggest that Level−0 players actually

exist in the game in any round, but simply serve as a tool to model the behavior of

higher level players who learn to respond in an undominated way to past play.

2. ki(ci) = 1 : Players who have a cognitive ability of 1, who we will call Level−1 players,

will according to Condition 3 have beliefs vi(ci) which put probability 1 on the outcome

that all opponents are Level−0. Thus, a Level−1 player i will eventually keep only

those actions which are undominated responses to some

µ = vi(ci)
({
kj(cj) = 0

})
· µ ∈ ∆

[
P̂j(t̂, t)

)]
.

which will be among those actions in the set

ÛRi,∆

(
P̂j(t̂, t)

)
.

Note that all players being Level−1 players amounts to nothing more than the tradi-

tional adaptive dynamics of Milgrom and Shannon, and includes learning rules such as

�ctitious play and Cournot best response dynamics, as well as many others.

3. ki(ci) = 2 : This paper extends the notion of traditional adaptive dynamics to allow

for players having higher cognitive abilities than those assumed in traditional adaptive

dynamics, which, as explained above, implicitly assumes that all cognitive abilities for

all players is exactly 1. Players who have a cognitive ability of 2, who we will call

Level−2 players, will according to Condition 3 have beliefs vi(ci) which put probability

1 on her opponent being either a Level−0 or a Level−1 player. Thus, a Level−2 player

i will eventually keep only those actions which are undominated responses to some

µ = vi(ci)
({
kj(cj) = 0

})
·µ0+vi(ci)

({
kj(cj) = 1

})
·µ1 ∈ ∆

[
P̂j(t̂, t)∪ÛRj,∆

(
P̂i(t̂, t)

)]
,

for some

µ0 ∈ ∆[P̂j(t̂, t)] ⊂ ∆
[
P̂j(t̂, t) ∪ ÛRj,∆

(
P̂i(t̂, t)

)]
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and

µ1 ∈ ∆
[
ÛRj,∆

(
P̂i(t̂, t)

)]
⊂ ∆

[
P̂j(t̂, t) ∪ ÛRj,∆

(
P̂i(t̂, t)

)]
.

These actions will be among those actions in the set

ÛRi,∆

(
P̂j(t̂, t) ∪ ÛRj,∆

(
P̂i(t̂, t)

))
.

We can continue interatively, allowing for players of arbitrarily large cognitive abilities.

In order to extend this analysis and de�ne beliefs in general N−player games for players

of arbitrary cognitive ability ki(ci) = n, we make the following de�nitions:

1. T 0
i,∆(t̂, t) = P̂i(t̂, t), and T 0

∆(t̂, t) =
∏
j∈I
T 0
j,∆(t̂, t),

2. For all n > 0,

T n
i,∆(t̂, t) = ÛRi,∆

(∏
j 6=i

n−1⋃
m=0

T m
j,∆

)
,

and

T n
∆ (t̂, t) =

∏
j∈I

T n
j,∆(t̂, t).

Then, for a player i with cognitive level ki(ci) = n can be seen as eventually keeping only

those actions which are undominated responses to some

µ =
∑

k−i∈{0,1,...,n−1}N−1

vi(ci)
({
k−i(c−i) = k−i

})
· µk−i

∈ ∆
[∏
j 6=i

n−1⋃
m=0

T m
j,∆

]
,

where each

µk−i
∈ ∆

[∏
j 6=i

kj⋃
m=0

T m
j,∆

]
⊂ ∆

[∏
j 6=i

n−1⋃
m=0

T m
j,∆

]
.

We now de�ne what it means for a sequence of play for player i ∈ I to be consistent

with ki iterations of forward-looking behavior, or satisfy Level−ki adaptive learning, where

the ki notation allows for cognitive levels to vary between players. Furthermore, we allow

for cognitive levels to vary for an individual player over time, and hence the notation ki(t) is

employed. We then say that a player's behavior is consistent with Level−ki adaptive learning

so long as their cognitive type is bounded by ki over all rounds:
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De�nition 3. Let k = (ki)i∈I , where each ki ≥ 1. A sequence of play {an}∞n=1 is consistent

with Level−k adaptive learning if ∀i ∈ I, ∀t̂ ≥ 0, ∃T ≥ 0, ∀t > T ,

ati ∈ T
ki(t)
i,∆ (t̂, t),

where each ki(t) ∈ {1, 2, ..., ki}.

We now come to the main result of the paper.

Theorem 1. Let G be a monotone game, and let y and z be the lowest and highest serially

undominated strategies, respectively. Then,

1. If {an}∞n=1 is a sequence of play consistent with Level−k adaptive learning for any

k = (ki)i∈I, then it is bounded in the limit by [y, z]. That is,

y � lim inf(ak) � lim sup(ak) � z.

2. A serially undominated strategy a∗ exists if, and only if, for all k = (ki)i∈I, all sequences

of play {an}∞n=1 consistent with Level−k adaptive learning converge to a∗.

Proof. Omitted in preliminary version of paper.

Although our solution concept concerns dynamic learning processes, we are now also in a

position to address cognitive equilibria as de�ned in Section 2.

Theorem 2. Let G be a monotone game, and let s∗ = (s∗i )i∈I be a cognitive equilibrium.

De�ne k̂(c) = max(ki(ci)). Then

1. For all c ∈ C such that k̃(c) ≤ N ,

s∗(c) ∈ [∧BRN(∧A),∨BRN(∨A)]
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2. If y and z are the lowest and highest serially undominated strategies, respectively, then

lim
k̃(c)→∞

s∗(c) ∈ [y, z].

3. If a∗ is the unique serially undominated strategy, then

lim
k̃(c)→∞

s∗(c) = {a∗}.

Proof. Omitted in preliminary version of paper.
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