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Abstract

This paper studies the pricing problem of selling a unit good to a prospect the-

ory buyer. With non-negative constraints on the price, the optimal profit is always

bounded. This suggests a fundamental distinction between random selling mechanisms

and gambling, where the principal can extract infinite profit.

If the buyer is naive about her dynamic inconsistency, the uniquely optimal dy-

namic mechanism is to sell a “lucky chest” that delivers the good with some constant

probability in each period. Until she finally gets the good, the consumer always naively

believes she will try her luck just one last time.

In contrast, if the buyer is sophisticated, the uniquely optimal dynamic mechanism

includes a “pity system”, in which after a successive failure in getting the good from

all previous lucky chests, the buyer can purchase the good at full price.
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1 Introduction

People love gambling and firms are taking advantage of it. This is illustrated not just in the

night city of Las Vegas, but also in various examples such as selling blind box, penny auction

and gacha games.1 In all these mechanisms, the product a consumer receives from a single

purchase is random. If a consumer is committed to get his desired product, she will need to

purchase multiple times. The number of purchases and thus the effective price is random.

Introducing randomness in the pricing mechanisms is becoming more and more popular

in industries such as mobile games. But it is also highly controversial and calls for regulation

never stop. Critics argue that such mechanisms are essentially equivalent to gambling, and

firms make excessive profits by exploiting the weakness of human nature. To what extent

is this criticism precise? Put it differently, should we regulate random selling mechanism

in the same way as we regulate gambling? If the answer is no, then is there other effective

regulation policy?

With these motivations, this paper considers the optimal pricing problem of selling a unit-

good to one buyer, who behaves according to prospect theory. To illustrate the empirical

relevance of this new framework, let us have a closer look at the monetization systems in

gacha games and how they match the optimal mechanisms characterized in the paper.

In gacha games, there are additional elements such as characters or weapons that can be

unlocked only if players make in-game purchase. Instead of selling those additional elements

deterministically, the game company sells “lucky chest”, from which the player may get the

desired product with a small probability. In the first generation of gacha games, those

lucky chests are designed to be independent. This independence coincides with the optimal

dynamic pricing process when the consumers behave according to prospect theory and are

naive about their dynamic inconsistency caused by probability weighting.

However, with independent chests, the random total payment satisfies geometry distri-

bution. Consequently, the total payment is positively skewed if a consumer is committed to

getting the product. This skewness hurts the prospect theory consumer from the ex ante

point of view. Thus independent chests should perform poorly if consumers are no longer

naive about their dynamic inconsistency, as they have more and more experience with the

gacha system. This is exactly what happens in reality. Nowadays, only those games with

1A blind box typically contains one product randomly selected from a serie. Before receiving the product,
consumers do not know which one is inside. Unlucky consumers might need to purchase multiple times and
receive redundant products before they get their desired one or complete the collection. Penny auction is
a form of online auction. In each period a consumer needs to pay a small amount of money to bid for one
product, and she will get the item if there are no other bids in this period. Otherwise his money is sunk and
the auction proceeds to a new period. Therefore whether the consumer can get the product by such a small
amount of money is random. Gacha game will be introduced later.
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minor gacha element, whose players are less experienced with gacha systems, are still using

independent “lucky chests”. Most gacha games of the latest generation use “hard pity sys-

tems”2. In hard pity system, the probability of getting the good for the first n chests remain

constant, but if the buyer is so unlucky that she does not get the good from all previous

n chests, she will get the good for free. The induced total random payment consequently

satisfies a truncated geometric distribution.

This adaptation is consistent with the prediction of this paper. In particular, I solve the

optimal dynamic pricing mechanism with sophisticated consumers, and show that the above

pity system can approximate the optimal mechanism quite well. In addition, I propose a

simple improvement of hard pity system that can gain almost the same profit as the optimal

mechanism.

Formally, this paper considers the pricing problem of selling a unit-good to a prospect

theory buyer whose value is commonly known (in the extension I generalize most results to

private values by simply “adding” the argument of Myerson). The buyer has linear utility in

money, presents loss aversion (which is not important in the framework of this paper) and

probability weighting. The probability weighting function is first concave, and then convex,

as suggested by Tversky and Kahneman [1992]. One defining feature of the model is that I

restrict the price to be non-negative, which ensures the boundedness of the revenue. This

boundedness points out a key theoretical difference between random selling mechanisms and

gambling: using the observation in Azevedo and Gottlieb [2012] it is easy to see that the

seller can extract infinite profit if the price can be arbitrarily negative.

I first consider cases where the buyer is sophisticated, meaning she knows her preference

is dynamic inconsistent and her future self might not follow the plan of her current self.

If the buyer can commit to random payment, the optimal mechanism is to sell the good

deterministically and charge a binary random price. The random price either equals 0 or

exceeds the valuation of the good.

In many applications, the buyer might not be able to commit to this random payment:

she is happy to get the good with 0 payment, but may choose to leave when the realized price

is non-zero and larger than her valuation. Thus I consider the design problem of a continuous-

time dynamic pricing process, where the total cumulative payment is deterministic in time

while the time that the buyer gets the good is random. At each time before she gets the

good, the buyer can decide whether to keep paying through the process or to quit and give

up previous payment. The dynamic inconsistency caused by non-linearity of Bayes updating

2“Pity systems” roughly refers to mechanisms that increases the base (independent) probability only
when the buyer has bad luck. Its name comes from the fact that it is a pity for the buyer to activate the
mechanism.
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and probability weighting function creates serious challenges for the dynamic design problem.

And I believe the proof technique itself is a solid theoretic contribution.

In the unique (in terms of the distribution of the total payment) optimal mechanism,

both the cumulative payment and the CDF of the stopping time (when the buyer gets the

good) is absolutely continuous before the final finite time. Only the most unfortunate buyer

who keeps paying but never gets the good will reach this final time and she can get the good

deterministically by making an additional lump sum payment that is equal to her valuation.

The IR constraints are always binding in the whole process.

No matter whether the buyer can commit to random payment or not, the optimal random

price is ex post bounded if the buyer is sophisticated. This is no longer true when the buyer

is naive about her dynamic inconsistency. For this, I consider a discrete time dynamic

design problem. In each period, the seller can provide one menu and the buyer, who can

commit to any random payment, decides whether to purchase. In the generically unique

optimal solution, in each period the seller sells a “lucky chest” that delivers the good with

some constant probability. In each period before she finally gets the good, the buyer naively

believes she will try her luck just one last time. There is no “pity system” in this mechanism:

the ex post money that an unlucky buyer needs to pay is unbounded.

Finally, I try to use the framework to answer several policy questions raised in the

beginning. First, the non-negative constraint on prices makes random selling mechanisms

and gambling theoretically different. Therefore, a differentiated regulation policy might be

appropriate, especially if one thinks that the probability weighting is the “true preference”

that should be taken into account, rather than biases that should be corrected. However, in

practice, it might be difficult to check whether the firm is secretly charging negative prices.

For example, in the example of blind boxes, if firms actively repurchase their (physical)

products in the second-hand market, then the non-negative constraint might not apply. In

contrary, my theory can be safely applied to video games in which all in-game items can not

be transferred between accounts.

Second, besides purely “exploiting” consumers on their preference for “taking risks”, the

seller may further exploit consumers’ naivety on their own dynamic inconsistency. This hurts

social welfare even if the probability weighting is fully respected, and numerically it seems to

be more severe. One possible regulation policy is to require the existence of a “pity system”

which bounds the ex post price.

Literature Review This paper is a natural combination of mechanism design Myerson

[1981] and prospective theory Tversky and Kahneman [1992]. A natural combination as it

is, there are possibly two factors that stop the earlier literature to explore in this direction.

4



First, prospect theory is notorious for its intractability introduced by probability weight-

ing. For example, Barberis [2012] is the first paper that explores the economic implication of

the dynamic inconsistency of prospect theory consumers. However, due to the intractability,

this pioneering paper illustrate most ideas by extensive numerical testing.

Second, and more importantly, there are existing negative results which show that under

certain setup, a prospect theory consumer is a “money pump” from who the seller can get

infinite money. Specifically, results in Azevedo and Gottlieb [2012] show when the random

price is not lower bounded, the seller can get arbitrarily large profit. The construction relies

on a random price that can be arbitrarily negative.

Another negative result comes from Ebert and Strack [2015]. They consider a dynamic

setting where a prospect theory decision maker face a Markov diffusion price and decide

when to quit the market. They show that a naive prospect theory decision maker will never

stop and can loss infinite money in expectation. The price is unbounded and there is no

discounting in their framework.

The two negative results somewhat serves as the “death sentence” on the prospect-theory-

mechanism-design. However, this paper shows that with positive prices, the optimal mecha-

nism exists, so “mechanism design” or “optimal pricing” is at least well-defined. Moreover,

by completely characterizing the optimal mechanisms that matches mechanisms in practice,

this paper illustrates that theoretically prospect theory can be a tractable framework that

produces empirical relevant results.

2 Sophisticated Buyer with Commitment

To introduce the cumulative prospect theory and establish the basic result for further dis-

cussion, this section starts with the simplest framework by assuming that the buyer is aware

of her dynamic inconsistent preference and she can commit to any random payment. In this

case, it is without loss of generality to consider static mechanism.

Cumulative Prospect Theory In cumulative prospect theory (CPT), outcomes are eval-

uated by a value function U (also called utility function) relative to a reference point that

separates all outcomes into gains and losses. In addition, there is a weighting function w dis-

torting cumulative probabilities. The CPT utility of general random variables X is defined

as:

CPT (X) =

∫
R+

w+(P (U(X) > y)dy −
∫
R−

w−(P (U(X) < y))dy.
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Figure 1: Probability Weighting Function

In contrast, the standard expected utility can be expressed as:

EU(X) =

∫
R+

P (U(X) > y)dy −
∫
R−

P (U(X) < y)dy.

A more popular form of CPT utility is its density form or discretized density form (when

the random variable is continuous or discretized)∫
R+

w+(P (U > y)dy =

∫ ∞

0

yρ(U = y)w′
+(P (U > y)dy,∫

R+

w+(P (U > y)dy =
∑
i

ui

(
w+(P (U ≥ ui))− w+(P (U > ui))

)
.

The density form transparently delivers the idea that prospect theory consumers over-

evaluate the probability of tail events: standard assumptions require w′
+(x) > 1 if and

only if x is close to 0 or 1.

For example, suppose X is the money a gambler gains from a lottery, in Tversky and

Kahneman [1992] assumes the following functional form on U , w− and w+:

U(x) =

xα if x ≥ 0,

−λ(−x)β if x < 0.

w+(p) =
pγ

(pγ + (1− p)γ)1/γ
, w−(p) =

pδ

(pδ + (1− p)δ)1/δ
.

The Buyer’s Preference For tractability, and a closed link to the standard literature in

mechanism design (e.g Myerson [1981]), this paper assumes linear monetary utility function
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by letting α = β = 1.

U(x) =

x if x ≥ 0,

λx if x < 0.

On the other hand, this paper puts much less requirement on the probability weighting

function. In particular, I assume w (both w− and w+) is smooth, strictly increasing with

w(0) = 0 and w(1) = 1. Also, I impose the standard assumption that there exists p−

(p+ accordingly) such that w− is strictly concave in [0, p−], strictly convex in [p−, 1], and

w′(0), w′(1) > 13.

Another model choice to make is: does the buyer experience gain-loss utility separately

from money and from the product being sold (separate evaluation), or jointly from the

net utility of the transaction (net evaluation). As Koszegi [2014] argues, “in commodity

auctions-where the payment is monetary and the product is nonmonetary— the former

assumption seems more appropriate, while in induced-value laboratory experiments-where

both the payment and the “product” are monetary—the latter assumption seems to apply.”

This paper chooses the first assumption that the buyer uses two separate account.

In conclusion, the utility of the buyer can be expressed as

CPT (X,T, θ) =

∫ ∞

0

w+(P (θX > y))dy −
∫ 0

−∞
w−(P (−λT < y))dy,

= θw+(P (X = 1))− λ

∫ ∞

0

w−(P (T > y))dy,

where θ is the buyer’s value on the good,X ∈ {0, 1} is the random variable indicating whether

the consumer gets the good or not and T is the payment she has to make (non-negative).

The Design Problem To highlight the new insight of the framework, I focus on the

case where the buyer’s value θ is common knowledge. In the extension I show how one can

easily adapt Myerson’s approach to generalize all results to private θ, as long as the buyer

is sophisticated.

The seller maximizes his expected revenue, and his reservation value for the good is 0.

3Strictness is not needed for all theorems of optimality, I only need it for uniqueness results.
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Figure 2: Determining the multiplier

The design problem can be stated as:

max
X,T

∫ ∞

0

P (T > y)dy,

s.t. θw+(P (X = 1))− λ

∫ ∞

0

w−(P (T > y))dy ≥ 0.

Analysis Clearly it is optimal to set x = P (X = 1) = 1. Also, designing X is equivalent

to designing the cumulative density function P (y) = P (T > y). Then the design problem

can be rewritten as:

Π(u) = max
P (y)

∫ ∞

0

P (y)dy, (1)

s.t. λ

∫ +∞

0

w−(P (y))dy ≤ θ,

P (y) is decreasing and right continuous.

lim
y→∞

P (y) = 0.

Before presenting the result, let me introduce the following multiplier:

µ∗ = sup
p∈(0,1]

p

w−(p)

As illustrated in Figure 2, 1
µ∗ is the slope of the tangent line. The tangent point is clearly

unique and interior. I summary these observations in the following lemma.

Lemma 1 The multiplier µ∗ > 1 and there exists a unique p∗ ∈ (0, 1) such that µ∗w−(p
∗) =

p∗.
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Now it is straightforward to establish an upper bound for the expected revenue:∫ ∞

0

P (y)dy =

∫ ∞

0

w−(P (y))
P (y)

w−(P (y))
dy

≤
∫ ∞

0

w−(P (y))µ∗dy ≤ µ∗

λ
θ.

In addition, this upper bound can be achieved by the following binary random:

Proposition 1 The maximum profit in program 1 is µ∗u/λ and the unique optimal cumu-

lative density function of price P ∗(y) is given by:

P ∗(y) = P (T ∗ > y) =

p∗ if y < t∗,

0 if y ≥ t∗.

where p∗t∗ =
µ∗

λ
θ.

As straightforward as the proof is, I want to emphasize that choosing the proper inte-

gration form plays an important role in simplifying the problem. For example, one might

naturally start with the density expression (or discretized version of density expression), i.e.,

consider the design of the optimal random price with density function f :

max
f

∫ ∞

0

xf(x)dx,

s.t. λ

∫ ∞

0

xf(x)w′
−(1− F (x))dx ≤ θ

However the design problem in the density form is hard to manipulate4 because of the

interplay between f and 1− F (x).

If the seller uses deterministic price, his revenue is simply θ/λ. Thus, the optimal binary

random price simply multiplies the expected revenue by µ∗. The multiplier is 1 if w−(p) = p,

i.e. the buyer is an expected utility maximizer. And it becomes larger when w−(p) deviates

further away from the diagonal line as illustrated in Figure 3.

An immediate implication of Proposition 1 is that even with optimal “exploitation” the

expected revenue of the seller is bounded. In the online appendix (to do) I show that the

boundedness result is robust to several extensions, e.g. when the realized price can be

negative (but still lower bounded).

4One might wonder whether the difficulty purely comes from the fact that the optimal solution is a
discretized random variable. But one can easily check that, in discretized world, a completely parallel
comparison between the “density form” and the “cumulative form” can be established.
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Figure 3: More deviation leads to a larger multiplier.

This suggests that there exists a theoretical difference between random pricing and gam-

bling, where the “price” can be arbitrarily negative. According to Azevedo and Gottlieb

[2012], the seller can get arbitrarily large profit from the buyer in the later case.

3 Sophisticated Buyer with Deterministic Payment

3.1 Model

In many applications, the buyer might not be able to commit to the binary random payment

described in Proposition 1. She is definitely happy when the realized price is 0. However,

whenever it is non-zero, the realized price exceeds the willing to pay and the buyer might

simply turn away.

When the buyer can not commit, the maximum profit is strictly lower than what the

seller can get using the binary random price in Proposition 1, and it is optimal to use a

dynamic pricing mechanism instead of a static one.

This subsection shows that the optimal dynamic pricing mechanism includes a “pity

system”. Roughly speaking, in the optimal mechanism the seller keeps charging the buyer a

small amount of money for a small probability of getting the good. If the the buyer keeps

purchasing but keeps missing the good, she will eventually be offered an option to purchase

the good with full price. Before this final purchase, the buyer is always indifferent between

purchasing again and quit immediately.

Design Objectives The time is continuous, and the seller can design a stopping time τ

over R+ ∪ +∞ and a deterministic cumulative payment function T (t) : R+ → R+. The

stopping time τ represents the time when the buyer gets the good, and the cumulative

payment T (t) characterizes the payment the buyer makes if she keeps staying in till time t

(not including time t).
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At each time t, the buyer observes whether she has got the good ({τ ≤ t}). If not she

then needs to decide whether to continue to pay. If she quits, her cumulative payment is

T (t) = T (t−) = lims<t→t T (s), whereas if she continues the process she potentially needs to

pay a lump sum payment of T (t+)−T (t) = lims>t→t T (s)−T (t) at that instance. T (0) = 0.

Clearly T (t) should be increasing and left continuous, and in addition I focus on T (t)

with the following “regular decomposition”.

T (t) = T1(t) + T2(t),

where T1 is absolutely continuous and T2 is a left-continuous jump function5. Both T1 and

T2 are increasing and non-negative. Equivalently the decomposition can be expressed as:

T (t) =

∫ t

0

f(t) +
∞∑
i=0

1ti<tTi,

where f(t) is a non-negative integrable function, (ti)i and (Ti)i are countable sequences of

non-negative numbers with ti increasing in i. The interpretation is that the buyer pays a flow

payment of f(t) at any time t and pays a lump sum payment Ti at time ti for i = 1, 2, ...,∞.

In the same spirit, I focus on τ whose cumulative density function of τ , F (t) = P (τ ≤ t)

with regular decomposition:

F (t) = F1(t) + F2(t),

where F1 is absolutely continuous and F2 is a jump function. Both F1 and F2 are increasing

and non-negative.

Incentive Constraints Recall that the dynamic process is aimed at solving the issue of

commitment and the seller can make the iterative process “as fast as” he wants. Therefore,

I assume there is no discounting (if there is discounting the optimal mechanism does not

exist because the seller always finds it profitable to accelerate the process).

Since the buyer is sophisticated, we can use a standard revelation principle argument and

focus on direct mechanisms, in which the buyer keeps purchasing until she gets the good.

Incentive constraints require that in each time s, the consumer thinks that staying forever

5According to the Lebesgue Decomposition Theorem, an increasing function might have a third additive
separable component: F (t) = F1(t) + F2(t) + F3(t). This last component F3(t) is “irregular” in the sense
that it is continuous and its derivative is almost everywhere 0, but it is not a constant function. I ignore
this third part.
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is weakly better than quitting immediately. That is6,∫ ∞

0

w+(P (θ1τ<∞ > y|τ > s))dy − λ

∫ ∞

0

w−(P (T (τ)− T (s) > y|τ > s))dy ≥ 0, ∀s ≥ 0.

⇔ θw+(P (τ < ∞|τ > s))− λ

∫ ∞

0

w−(P (T (τ)− T (s) > y|τ > s))dy ≥ 0, ∀s ≥ 0.

The Design Problem The seller chooses the optimal stopping time τ and cumulative

payment T (t) to maximize his expected profit:

max
τ,T (t)

∫ ∞

0

P (T (τ) > y)dy,

s.t. θw+(P (τ < ∞|τ > s))− λ

∫ ∞

0

w−(P (T (τ)− T (s) > y|τ > s))dy ≥ 0,

∀s, s.t. P (τ > s) > 0 (IC). (2)

3.2 Exponential Stopping Time

The main difficulty of the design problem comes from the dynamic inconsistency, which

forces us to keep track of all the posteriors simultaneously. This is particularly hard since

it is unclear how to reduce the posterior belief to some low-dimensional sufficient statistic,

such as the expectation. Furthermore, normalization of belief is no longer feasible due

to probability weighting. For example, assuming P (τ < ∞) = 1, IR constraints can be

expressed using P (τ ≤ t) and T (t) as

θ − λ

∫ ∞

0

w−(
P (T (τ)− T (s) > y)

1− P (τ ≤ s)
)dy ≥ 0, ∀s, P (τ > s) > 0.

In standard EU framework where w−(p) = p, one can multiply both sides by (1−P (τ ≤ s))

so that the expression becomes linear in P (τ < t). Without this normalization, one has to

face the non-linearity of Bayesian updating.

However, in this subsection I show that to solve for the optimal dynamic pricing mech-

anism, it is without loss to consider the stopping time that satisfies the following simple

exponential distribution

P (τ0 > t) = e−t.

By fixing the stopping time and focus on the design of the deterministic function T (t), I fix

6Since the utility in money is linear, it does not matter whether the reference point is at time 0 or time
s.
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the Bayesian updating and all posterior beliefs. With some further algebraic manipulation,

I can express the IR constraints as

θ − λ

∫ ∞

0

w−(e
−t)f(t+ s)ds− λ

∑
i,ti>s

Tiw−(e
−(ti−s)) ≥ 0, ∀s ≤ 0.

In particular, the IR constraints become linear in the design variables (f(t) and Ti).

I prove that focusing on the exponential stopping time τ0 is without loss of generality in

two steps.

Stopping Money instead of Stopping Time First, I show that we can transform the

joint design problem of (τ, T (t)) into a design problem of a random total payment T in

which the buyer can potentially choose to quit at any payment t < T . Let us start with two

lemmas.

Lemma 2 Any incentive compatible (τ, T (t)) such that P (τ < ∞) < 1 is not optimal.

According to Lemma 2, it is without loss of generality to focus on mechanisms where

P (τ < ∞) = 1. At any time t before the buyer gets the good, she knows that she will get

the good for sure eventually if she keeps purchasing: P (τ < ∞|τ > t) = 1. Thus the IR

constraints (inequality 2) become:

λ

∫ ∞

0

w−(P (T (τ)− T (s) > y|τ > s))dy ≤ θ, ∀s, s.t. P (τ > s) > 0.

In fact, we can further rewrite the IR constraints:

Lemma 3 Suppose P (τ < ∞) = 1. Then (τ, T (t)) is incentive compatible if and only if

λ

∫ ∞

0

w−(P (T (τ)− s > y|T (τ) > s))dy ≤ θ, ∀s, s.t. P (T (τ) > s) > 0.

Here T = T (τ) is a random variable representing the random cumulative payment that

the buyer has to pay if she keeps purchasing until getting the good. This motivates us to

reduce the joint design of (τ, T (t)) to the design of “stopping money” T (τ).

Lemma 4 For any dynamic pricing process (τ, T (t)), if P (τ < ∞) = 1 and T (τ) solves the

following auxiliary stopping money problem:

T (τ) ∈ argmax
T∈T

∫ ∞

0

P (T > y)dy,

s.t. λ

∫ ∞

0

w−(P (T − s > y)|T > s)dy ≤ θ, ∀s, s.t. P (T > s) > 0,
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then (τ, T (t)) is an optimal dynamic pricing process.

T is the set of all non-negative random variable whose CDF admits a regular decompo-

sition. For a better visualization of this auxiliary stopping money problem, one can imagine

the following mechanism. Starting from 0, the buyer gradually increases her cumulative

payment. She will get the good if the random threshold T is reached, and she can choose to

quit at any payment s < T .

Focusing on Exponential Stopping Time Denote τ0 as the exponential stopping time:

P (τ0 > s) = e−s.

We can show the following.

Proposition 2 For any feasible T in the auxiliary stopping money problem, there exists a

cumulative payment function T (t) such that (τ0, T (t)) is incentive compatible in the original

design problem and

P (T ≤ t) = P (T (τ0) ≤ t), ∀t ∈ R+.

In fact, the same result can be established for any stopping time whose support is the

whole positive axis and whose density is positive over the whole support. Here I choose

exponential stopping time because it has the simplest posterior

P (τ0 > t+ s|τ0 > s) = P (τ0 > t) = e−t,

thanks to its memory-less property. This makes the design of the optimal cumulative pay-

ment function T (t) for τ0 tractable, as shown in the next subsection.

3.3 Optimal Exponential Design

In this section, I solve for the uniquely optimal cumulative payment function T ∗(t) for the

exponential stopping time τ0.

Recall that w− is strictly concave in [0, p−], strictly convex in [p−, 1] and w′
−(0), w

′
−(1) > 1.

Thus there exists a unique p1 ∈ (0, 1) such that w−(p1) = p1. For the following theorem, I

need one additional regularity condition on the curvature of w−.

Condition 1 One of the following conditions hold:

1. p1 ≥ p−;
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2. w′′′
−(p) > 0 for any p ∈ (p1, 1).

I view this condition as mild. Positive third derivative is consistent with the requirement

that w− turns from concavity to convexity. For the parameterized function

pγ

(pγ + (1− p)γ)1/γ

proposed by Tversky and Kahneman [1992], numerical test suggests that w′′′
−(p) is indeed

positive for all p ∈ [0, 1] whenever w−(p) is increasing in p.7

Proposition 3 There exists a uniquely optimal T ∗(t) for τ0 such that

T ∗(t) =
θ

λ

(
1t>T0 +

∫ min{t,T0}

0

f(s)ds
)
,

where f is the unique function in L1[0, T0] that ensures incentive compatible constraints are

binding for ∀t ∈ [0, T0]:

w−(e
−T0+t) +

∫ T0

t

w−(e
−s+t)f(s)ds = 1, ∀t ∈ [0, T0].

The constant T0 is determined by

T0 = min{t ∈ [0,− log p1]
∣∣g0(t) ≤ 0},

where g0(t) is the unique function in L1[0,− log p1] such that

e−t − w−(e
−t)−

∫ t

0

w−(e
−t+s)g0(s)ds = 0, ∀t ∈ [0,− log p1].

The optimal cumulative payment T ∗(t) stays constant when t > T0, which is equivalent

to saying that the buyer will get the good for sure after time T0. T ∗(t) has a jump of θ/λ

at time T0, which means if the buyer still does not get the good by time T0, she is charged

a lump sum payment of θ/λ to get the good for sure. At this final time T0, the buyer is

indifferent between quitting and getting the good with a deterministic full price. At any

time t < T0 the buyer will be charged a flow payment which keeps her indifferent between

staying and quitting.

Sketch of Proof The formal proof is in the appendix. Here I only provide its sketch with

a particular emphasize on how the exponential stopping time simplifies the design problem

7Numerical test suggests that w′′′
− ≥ 0 for all p ∈ [0, 1] if γ > 0.280, while w− is not increasing if γ < 0.279.
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to a “linear problem”.

The exponential design problem is:

max
T (t)

∫ ∞

0

P (T (τ0) > y)dy,

s.t. λ

∫ ∞

0

w−(P (T (τ0)− T (s) > y|τ0 > s))dy ≤ θ, ∀s ≥ 0.

Define

T−1(x) = sup{t ∈ R+|T (t) ≤ x}

Since T is left continuous, T (t) ≤ x ⇔ t ≤ T−1(x). Consequently,

λ

∫ ∞

0

w−(P (T (τ)− T (s) > y|τ > s))dy

= λ

∫ ∞

0

w−(P (τ > T−1(y + T (s))|τ > s))dy

= λ

∫ ∞

0

w−(e
−T−1(y+T (s))+s)dy,

For the purpose of intuition, suppose T−1 has a positive derivative everywhere. Then I can

further transform the equation:

= λ

∫ ∞

0

w−(e
−T−1(y+T (s))+s)

1

T−1′(y + T (s))
dT−1(y + T (s)),

= λ

∫ ∞

s

w−(e
−t+s)T ′(t)dt.

In general, T (t) has regular decomposition:

T (t) =

∫ t

0

f(s)ds+
∞∑
i=0

1ti<tTi,

and I prove in the appendix that:

Lemma 5

λ

∫ ∞

0

w−(e
−T−1(y+T (s))+s)dy = λ

∑
i,ti≥s

Tiw−(e
−ti+s) + λ

∫ ∞

s

w−(e
−t+s)f(t)dt, ∀s ≥ 0.
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With the help of Lemma 5, I can rewrite the exponential design problem as

V = max
f,Ti,ti

∑
i

Tie
−ti +

∫ ∞

0

e−tf(t)dy,

s.t. λ
∑
i,ti≥s

Tiw−(e
−ti+s) + λ

∫ ∞

s

w−(e
−t+s)f(t)dt− θ ≤ 0, ∀s ≥ 0.

In this final form of the problem, the objective is linear in the design objectives (f, Ti),

and I can use an involved yet standard weak-duality approach to solve it. In particular, I

“construct” a Lagrange measure whose support is [0, T0]. The “construction” of this Lagrange

measure makes sure that in the relaxed problem the linear coefficient of f and Ti is zero point

wise on [0, T0] and negative on (T0,∞). Then, optimality requires f and Ti to be zero in

(T0,∞), while complementary slackness requires IR conditions are binding in [0, T0]. These

two jointly determine the shape of T ∗(t).

I use quotation marks for construction because I only prove the existence of this Lagrange

measure, which satisfies certain properties that I want, instead of explicitly defining it. Also,

I only need Condition 1 in the proof of its existence.

3.4 Optimal Mechanisms

The following theorem concludes previous subsections.

Theorem 1 (τ0, T
∗(t)) described in Proposition 3 is a optimal dynamic pricing process. In

addition, a dynamic pricing process (τ, T ) is optimal if and only if

P (τ < ∞) = 1,

P (T (τ) ≤ y) = P (T ∗(τ0) ≤ y), ∀y ∈ R+

According to Theorem 1, the distribution of total payment T (τ) for any optimal dynamic

pricing process (τ, T (t)) is unique. Figure 4 compares it with the unique optimal distribution

when the buyer can commit to the random payment. The red curve represents the tail

distribution8 of the binary distribution characterized in Proposition 1, and the blue curve

represents the tail distribution of T ∗(τ0) in Theorem 1.

The optimal dynamic pricing process resolves the issue of commitment by smoothing the

downward jump from 1 to p∗ in the commitment solution. The blue curve has a flat region

with the length of θ/λ, normalized to 1. This represents the final lump-sum payment that the

buyer has to pay if his purchase process does not end earlier. One can show the probability

8The tail distribution of a random variable T is P (T > y).
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Figure 4: Tail Distributions of Optimal Prices With/without Commitment

of reaching this final lump-sum payment e−T0 is strictly smaller than p∗ by checking the

Lagrange measure constructed in the proof of Proposition 3.

3.5 Pricing Mechanisms in Practice

The most common dynamic pricing mechanism in recent gacha games is the so-called “hard

pity system”. In this mechanism, the probability that the buyer gets the desired product

from one lucky chest is constant until the number of chests that the buyer purchase reaches a

certain bound n. The buyer is guaranteed to get the product in the n-th luck chest if she is so

unlucky that she does not get the product in all previous chests. Therefore, the distribution

of the total payment satisfies a truncated geometric distribution, whose tail distribution is

represented by the red curve in Figure 5.

Figure 5 plots the tail distribution of the total payment in three different mechanisms

that are optimal within their classes. The yellow curve represents the geometric distribution

induces by independent chests (without the pity system). The area below the curve represents

the expected profit for the seller. One can already see from the picture that the profit from

hard pity approximate the optimal mechanism while the profit from independent chests is

significantly smaller.

To have a better sense of the performance of different mechanisms. I numerically calculate

the maximum profit within the three class of mechanisms, using the classical parameterized
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Figure 5: Tail Distributions of The Total Payment in Three Mechanisms

function

pγ

(pγ + (1− p)γ)1/γ

proposed by Tversky and Kahneman [1992]. I normalize θ/λ = 1 so that with deterministic

pricing the seller can get the profit of 1. The result with various value of λ is summarized

in Table 1.

γ 0.50 0.55 0.6 0.65 0.70 0.75
Independent 0.8024 0.8152 0.8302 0.8417 0.8656 0.8855
Hard Pity 1.5211 1.3841 1.2847 1.2106 1.1541 1.1106
Optimal 1.5758 1.4265 1.3178 1.2364 1.1740 1.1256

Table 1: Profit of Optimal Mechanisms within Each Class

As Table 1 suggests, the skewness of the geometric distribution hurts the buyer so much

that the performance of independent chests are even worse than the deterministic price. On

the contrary, the truncated geometric distribution induced by the hard pity system captures

90% of the increase in the profit, compared to the optimal mechanism.

The problem of the hard pity system is that truncated geometric distribution can not

approximate the final flat region appearing in the optimal mechanism. A simple alternative

mechanism can solves this problem.

Now after the buyer fails to get the good in the first n chests, instead of giving the

good to the buyer for free, the new mechanism sells the good deterministically with full
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price. Obviously to make it incentive compatible the price of the chest has to goes down

correspondingly. The tail distribution of the newly suggested mechanism is plotted in yellow

in Figure 6.
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Figure 6: Tail Distributions of Three Mechanisms

γ 0.50 0.55 0.6 0.65 0.70 0.75
Hard Pity 1.5211 1.3841 1.2847 1.2106 1.1541 1.1106

New 1.5752 1.4256 1.3168 1.2354 1.1731 1.1248
Optimal 1.5758 1.4265 1.3178 1.2364 1.1740 1.1256

Table 2: Profit of Optimal Mechanisms within Each Class

Both Figure 6 and Table 2 suggests that the proposed modified mechanism, as simple as

it is, can approximate the optimal mechanism almost perfectly.

4 Naive Buyer

When the buyer is sophisticated and can commit to random prices, creating a dynamic

pricing process does not benefit the seller since it only creates more incentive constraints.

However, dynamic pricing might be more profitable (even if the consumer can commit to

random price) when the buyer is naive.

In this section I show that, with the non-negative constraints on the price and discounting,

the optimal dynamic mechanism exists and takes a stationary form. In each period, the seller

sells a “lucky chest”, which gives the good to the buyer with some probability, at a binary

random price that is either 0 or a large price.
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Dynamic Pricing Model There are discrete periods t = 1, 2, ...,∞. The seller designs

when to give out the good and how much to charge in each period. Formally, he designs

(Xt, Tt), where the random variable Xt ∈ {0, 1} indicates whether the buyer gets the good in

period t, and Tt is the random price that the buyer has to pay in period t. The distribution

of (Xt, Tt) can be history dependent.

Timing In each period t, the buyer first decides whether to purchase, At ∈ {0, 1}. Then

both Tt and Xt realize so that the buyer pays AtTt and gets the good if AtXt = 1. I use

τ = min{t|AtXt = 1} to denote the time that the buyer gets the good. The game ends at τ

and Tt = 0 for any t ≥ τ .

Notice that I assume consumer can commit to pay any random price Tt in period t. Thus,

this model only deviates from the benchmark model in that the buyer is naive.

History and Strategies Ht = {ht|ht = (T0, X0, A0..., Tt−1, Xt−1, At−1)} is the set of all

histories up to period t. σt
s(ht, hs) ∈ {0, 1} is the action that the buyer thinks she will take

if she faces hs at future period s ≥ t, when she is actually facing ht at the start of period

t. A strategy σt(ht) = (σt
s(ht, ·))s≥t ∈ St is the strategy the buyer at the start of period t

thinks she will take thereafter. For notation simplicity we use σt
s(hs) to denote σt

s(ht, hs)

when there is no confusion. Naturally At = σt
t(ht).

Dynamic Inconsistent Preference At the start of each period t, the buyer will evaluate

a strategy σt according to her updated belief of (Xs, Ts)s≥t:∫ ∞

0

w+(P (δτ−tθ > y|ht, σ
t))dy −

∫ 0

−∞
w−(P (−λΣτ

i=tδ
s−tσt

s(hs)Ts < y|ht, σ
t))dy

=

∫ ∞

0

w+(P (δτ−tθ > y|ht, σ
t))dy − λ

∫ ∞

0

w−(P (Στ
i=tδ

s−tσt
s(hs)Ts > y|ht, σ

t))dy
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Design Problem The design problem can be written as:

max
(Xt,Tt),σ

E
∞∑
t=1

δtTtσ
t
t(ht), (3)

s.t.

(IR)

∫ ∞

0

w+(P (δτ−tθ > y|ht, σ
t))dy − λ

∫ ∞

0

w−(P (
τ∑
i=t

δs−tσt
s(hs)Ts > y|ht, σ

t))dy ≥ 0 ∀ht.

(“IC”)

∫ ∞

0

w+(P (δτ−tθ > y|ht, σ
t))dy − λ

∫ ∞

0

w−(P (
τ∑
i=t

δs−tσt
s(hs)Ts > y|ht, σ

t))dy

≥
∫ ∞

0

w+(P (δτ−tθ > y|ht, σ̄
t))dy − λ

∫ ∞

0

w−(P (
τ∑
i=t

δs−tσ̄t
s(hs)Ts > y|ht, σ̄

t))dy, ∀ht, σ̄t.

A sequence of strategy σ = (σt)t is incentive compatible if both IR and “IC” hold for any t

and ht. Here IR conditions are just a special class of “IC” conditions, which require σt(ht)

is better than immediate quitting the market forever. It turns out that this is the only

necessary condition we need to characterize the optimal mechanism, thus we separate it out.

Theorem 2 The optimal profit is

V ∗ = max
x∈[0,1]

µ∗θ

λ

w+(x)

1− (1− x)δ
.

The generically9 unique optimal dynamic pricing process (X∗
t , T

∗
t ) is as follow:

P (X∗
t = 1|ht) = x∗ ∈ argmax

w+(x)

1− (1− x)δ
,

P (T ∗
t = t∗|ht) = p∗, P (T ∗

t = 0|ht) = 1− p∗, ∀t, ht,

where t∗ =
µ∗

λp∗
θw+(x

∗).

The buyer always naively believes that she will try her luck one last time in each period until

she finally gets the good.

In the proposed optimal process, in each period the seller sells a “lucky chest”, which

gives the buyer the good with probability x∗. At the same time he charges a binary random

price which is either 0 or t∗. The buyer keeps buying the “lucky chest” in each period until

she finally gets the good.

9For any probability weighting function w+, there is at most one δ where the solution is not unique a.s..
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Recall that the optimal revenue when the buyer is sophisticated is µ∗θ/λ. By optimally

manipulating the naivety of the buyer, the seller adds an additional multiplier to the revenue:

max
x∈[0,1]

w+(x)

1− (1− x)δ
.

For a better understanding, take δ = 1 and the factor becomes:

max
x∈[0,1]

w+(x)

x
.

This reflects how the seller exploits the naivety of the buyer. The seller is able to repeatedly

choose the most “efficient” probability, without wasting the remaining probability. When

w′
+(0) = ∞, the seller can even get infinite revenue. However, when δ < 1 there is a trade

of between the efficiency of probability exchange rate and the delayed payment, and the

optimal pricing exists.

The proof of Theorem 2 goes in two steps. The first step is to provide a upper bound on

the profit that the seller can collects. This upper bound can be achieved by the proposed

lucky chest mechanism if the buyer keeps buying until she gets the good. The second step

is to verify the proposed strategy, namely “unless getting the good already, always planing

to purchase one last time and quit thereafter” is indeed incentive compatible.

I only present the first step in the main text for the purpose of intuition. But I do

want to point out that, due to the complexity brought from probability weighting, to fully

characterize the buyer’s strategy is far from easy.

Partial Proof: Upper Bound Now fix a given (Xt, Tt)t and an incentive compatible

strategy σ. define the following stopping time recursively:

τ−1 = 0,

τ̂k+1 =

τk, if στk
τk
(hτk) = 1,

min{t > τk|σt
t(ht) = 1}, if στk

τk
(hτk) = 0.

τk = min{t > τ̂k|στ̂k
t (ht) = 0}.

For example, if the buyer chooses to purchase in the period 0 = τ−1, then τ̂0 = τ−1 and τ0

is the first time the buyer thinks (in period τ̂0) that she will temporarily stop buying. if she

chooses not to purchase in the period 0 = τ−1, then τ̂0 is the first time that she actually

comes back to purchase the good. And τ0 in this case is the first time the buyer thinks (in

period τ̂0) that she will temporarily stop buying.
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By construction, for any given realised path (ht)
∞
t=0, if t ̸∈ [τ̂k, τk) for all k, then At = 0.

That is, the buyer will only buy within some [τ̂k, τk). We are not sure whether the buyer will

actually stick to her plan at period τ̂k and purchase in every period inside [τ̂k, τk). However,

by assuming she actually insists on purchasing we can get a upper bound of the profit.

Π = E
∞∑
t=0

δtTtσ
t
t(ht) = E

∞∑
k=0

τk−1∑
t=τ̂k

δtTtσ
t
t(ht),

≤ E
∞∑
k=0

τk−1∑
t=τ̂k

δtTt = E
∞∑
k=0

δτ̂k
τk−1∑
t=τ̂k

δt−τ̂kTt.

Notice that by construction τk ≥ τ̂k ≥ τk + 1. Therefore τ̂k ≥ k. Since we are considering

one fixed strategy σ in the following conditional expectation and probability we only use the

history as the conditioner.

Π ≤ E
∞∑
k=0

δk
τk−1∑
t=τ̂k

δt−τ̂kTt,

= E
∞∑
k=0

δkE[
τk−1∑
t=τ̂k

δt−τ̂kTt|hτ̂k ]

Now importantly, because keep purchasing between [τ̂k, τk) is the strategy that the buyer

think she will use, IR condition must hold and we can use Proposition 1 to upper bounded

the discounted transfer:

E[
τk−1∑
t=τ̂k

δt−τ̂kTt|hτ̂k ] ≤
µ∗

λ

∫ ∞

0

w+(P (1τ̂k≤τ<τkδ
τ−τ̂kθ > y|hτ̂k))dy,

≤ µ∗

λ

∫ ∞

0

w+(P (1τ̂k≤τ<τkθ > y|hτ̂k))dy,

=
µ∗θ

λ
w+(P (τ̂k ≤ τ < τk|hτ̂k)).

Therefore we get the following upper bound of the total profit:

Π ≤ E
∞∑
k=0

δk
µ∗θ

λ
w+(P (τ̂k ≤ τ < τk|hτ̂k)).
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Use this upper bound, we get a relaxed unconstrained problem:

max
(Xt,Tt),σ

E
∞∑
k=0

δk
µ∗θ

λ
w+(P (τ̂k ≤ τ < τk|hτ̂k)). (4)

Define scales µk, random variable Yk and (conditional) probability F̄k as:

Yk = 1τ̂k≤τ<τk ,

F̄k(·, hτ̂k) = P (·|hτ̂k),

µk = P (τ̂k ≤ τ < τk|hτ̂k) = E[Yk|hτ̂k ] =

∫
YkdF̄k.

The objective function can be written as:

Π = E
∞∑
k=0

µ∗θ

λ
δk−1

k−1∏
i=1

(1− µi)

∫
w+(Yk)dF̄k.

So far, Yk F̄k are defined in the original probability space of (Xt, Tt) and σ. And they

might have some complicated correlation induced by (Xt, Tt) and σ. We consider a further

relaxation of the program 4 by neglecting the correlation relation:

max
µk∈[0,1],Fk∈∆[0,1]

∞∑
k=0

µ∗θ

λ
δk−1

k−1∏
i=1

(1− µi)

∫
w+(x)dFk (5)

s.t. µk =

∫
xdFk, ∀k. (6)

Notice that since now we are optimizing µk and Fk directly, we can assume without loss

that Fk is a single deterministic distribution. This is the simplest recursive optimization

problem, a stationary optimization problem. We can solve the optimal value and the optimal

stationary policy by solving the value:

V = max
F∈∆[0,1]

µ∗θ

λ

∫
w+(x)dF + (1−

∫
xdF )δV.

As the last step, we just need to verify the solution to the relaxed problem will brings the

same payoff to the seller in the original problem.

5 Extensions

(Formal proof will be on the draft soon)
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5.1 Private Values

Previous analysis focus on cases where the value θ is commonly known. When the buyer

is sophisticated, one can easily adapt the argument of Myerson to generalize the results

(Proposition 1 and Theorem 1) to include private values. To illustrate the point, this section

presents a generalization of Theorem 1.

In particular, suppose θ ∈ Θ = [θ, θ] is private information of the buyer. The common

prior of θ is F with positive density f . To simplify exposition, assume F is regular so that

the virtual value is increasing. Dealing with irregular distribution introduces no additional

difficulty.

Invoking the revelation principle, the seller now need to the pair of stopping time and

cumulative payment function (τθ, Tθ(t)) for any each type θ. Besides the IR conditions for

each type θ (as I have characterized in Section 3.1), the IC conditions require the buyer can

not find any profitable deviation by misreporting θ′ and using a dynamic-consistent stopping

strategy τ ′.

More specifically, the buyer faces (τθ, Tθ(t)) after reporting θ′. And instead of keeping the

payment until receiving the good, the buyer may potentially double deviate to a stopping

strategy τ ′10, which captures the time when this buyer will quit if she has not get the good.

With the stopping strategy τ ′, the final payment is Tθ′(τθ′ ∧ τ ′), and the buyer gets the good

if and only if τθ′ < ∞ and τθ′ ≤ τ ′. Consequently the ex ante payoff is

θw+(P (τθ′ = τθ′ ∧ τ ′ < ∞))− λ

∫ ∞

0

w−(P (T (τθ′ ∧ τ ′) > y))dy.

In addition, the buyer should be able to implement the stopping strategy τ ′ so IR conditions

must hold for τ ′. Formally, (τ ′, τθ′ , Tθ′(t)) is implementable if

θw+(P (τθ′ = τθ′ ∧ τ ′ < ∞|τθ′ > s))− λ

∫ ∞

0

w−(P (T (τθ′ ∧ τ ′)− T (s) > y|τθ′ > s))dy ≥ 0,

∀s, s.t. P (τ ′ ∧ τθ′ > s) > 0.

10I am trying to avoid the discussion of memorability and filtration since they do not play an active rule
in the analysis. Formally, the filtration of the buyer with report θ′ is the filtration generated by τθ′ and the
stopping strategy τ ′ is adapted to this filtration.
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In conclusion, the design problem for the seller is:

max
τθ,Tθ(t)

∫ θ̄

θ

f(θ)

∫ ∞

0

P (Tθ(τθ) > y) dydθ,

s.t. θw+(P (τθ < ∞|τθ > s))− λ

∫ ∞

0

w−(P (T (τθ)− T (s) > y|τθ > s))dy ≥ 0,

∀s, s.t. P (τθ > s) > 0; (IR)

θw+(P (τθ′ = τθ′ ∧ τ ′ < ∞))− λ

∫ ∞

0

w−(P (T (τθ′ ∧ τ ′) > y))dy,

≤ θw+(P (τθ < ∞))− λ

∫ ∞

0

w−(P (T (τθ) > y))dy,

∀θ′, τ ′ such that (τ ′, τθ′ , Tθ′(t) is implementable. (IC)

Denote the optimal cumulative payment function characterized in Proposition 3 and

Theorem 1 as T ∗(θ, t) since it is parameterized by the value θ. Also, recall τ0 denotes the

exponential stopping time in Proposition 3.

Proposition 4 For any θ∗ ∈ argmax θ(1− F (θ)), the following mechanism is optimal:

τθ = τ0, Tθ(t) = T ∗(θ∗, t), ∀θ ≥ θ∗,

τθ = ∞, Tθ(t) = 0, ∀θ < θ∗.

The mechanism described in Proposition 4 is essentially a post price mechanism which pro-

vide one menu (τ0, Tθ∗(t)). The buyer with θ < θ∗ does not purchase while the buyer with

θ ≥ θ∗ keeps paying until getting the good.

Discussion In this subsection I only consider private information about θ. If there is

private information about the probability weighting function w then the problem becomes

desperately difficult. A reasonable generalization of the result for naive agents to private

value is also more challenging because of the emergence of some weird phenomena. For

example, the seller can use the fact that the buyer naively believe she will never make any

purchase to elicit the private value for free.

5.2 Multiple Menus

The setup in Section 4 for naive agents implicitly assume that, only one menu (Xt, Tt) can

be offered to the buyer in each period. This is without loss when the preference is dynamic

consistent or if the buyer is sophisticated. However, with naive buyers it might be profitable
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to provide multiple products to “fool” the buyer.

As far as I know, Gottlieb and Zhang [2021] is the only paper that provide complete

characterization on the optimal multiple menus design with naive agents. They consider the

contract design problem with a β− δ present bias agent, so that it is without loss to provide

two menus in each period. The bound on the number of menu does not hold with prospect

theory.

Whether restricting to single menu is without loss of generality remain unknown. Here

I only state a very limited result. The details, such as formal model setup and proof, are in

the online appendix.

Proposition 5 If w−(p) = p, then restricting to single menu is without loss of generality.

6 Appendix

Proof of Lemma 1. First, since w− is strictly concave in [0, p−]. we know p/w(p) is strictly

increasing in [0, p−]. Thus µ∗ = supp∈[p−,1]w−(p). Because w− is continuous the optimal p∗

exists. Also, since w′
−(1) > 1 we know µ∗ > 1 and p∗ < 1.

Then I prove that such p∗ is unique. Suppose there is another p̂ achieves the bound.

We already know it is clear that p∗, p̂ ≥ p−. Notice that by definition the affine function

y(p) = w−(p
∗) + µ∗(p− p∗) = µ∗p ≤ w(p) is a supporting plane for w−(p) at w−(p

∗). Since

w− is differentiable, the supporting plane at w−(p
∗) is unique and thus every other points in

the strictly convex region are strictly above the supporting plane: w−(p) > µ∗p, ∀p∗ ̸= p ∈
[p−, 1]. Therefore p̂ = p∗.

Proof of Proposition 1. We prove this by a duality approach. Considering the

following weak duality:

max
P (y)

∫ ∞

0

P (y)dy − µ∗

λ
(λ

∫ +∞

0

w−(P (y))dy − θ), (7)

= max
P (y)

µ∗

λ
θ +

∫ ∞

0

P (y)− µ∗w−(P (y))dy,

≤ µ∗

λ
θ.

The maximum is reached if and only if a.e. P (y) = 0 or P (y) = p∗. Since for any feasible P

in the original program 1,∫ ∞

0

P (y)dy ≤
∫ ∞

0

P (y)dy − µ∗

λ
(λ

∫ +∞

0

w−(P (y))dy − θ),
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we know the optimal value of Program 7 is weakly larger than the optimal value of Program

1. Next, consider the following CDF:

P ∗(y) =

p∗ if y < t∗,

0 if y ≥ t∗.
t∗ =

µ∗

λp∗
θ

By construction,

λ

∫ +∞

0

w−(P
∗(y))dy = λt∗w−(p

∗) = λt∗
p∗

µ∗ = θ.

We find a (binary) random prize which is feasible in Program 1 and achieves the optimal

value of Program 7. Therefore this is an optimal solution to Program 1.

Lastly, by previous analysis any optimal solution P ′ of the program 1 must be the optimal

solution of program 7. Since P ′ is right continuous and decreasing in y, it must take the

form of:

P ′(y) =

p∗ if y < t′,

0 if y ≥ t′.

If t′ > t∗, P ′ will not be feasible in program 1 since

λ

∫ +∞

0

w−(P
′(y))dy = λw−(p

∗)t′ > λw−(p
∗)t∗ = θ.

If t′ < t∗, P ′ can not achieve the optimal value µ∗θ/λ in program 1 since∫ ∞

0

P (y)dy = p∗t′ < p∗t∗ =
µ∗

λ
θ.

This completes the proof.

Proof of Lemma 2. For any (τ, T (t)) such that P (τ < ∞) = p < 1. According to

Proposition 1, we know the profit is bounded by µ∗θ/λ, thus for any δ there exists a time t0

such that ∫ ∞

T (t0)

P (T (τ))dy < δ.
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Now construct a new mechanism (τ1, T1(t)) such that

T1(t) = T (t) + (1− w+(p))
θ

λ
, ∀t > 0,

τ1 = min{τ, t0}.

In the new payment function T1 we charge one additional lump sum payment at time 0 and

keeps other payment unchanged. By construction we have

1τ1>s(T (τ1)− T (s)) ≤ 1τ>s(T (τ)− T (s)), ∀s > 0;

P (τ1 < ∞|τ1 > s) = 1 ≥ P (τ < ∞|τ > s), ∀s > 0.

Therefore (τ1, T1(t)) is incentive compatible for t > 0. As for time 0 IR condition, we have

θw+(P (τ1 < ∞)− λ

∫ ∞

0

w−(P (T1(τ1) > y))dy,

= θ − (1− w+(p))θ −
∫ ∞

0

w−(P (T (τ1) > y))dy,

≥ θw+(P (τ < ∞))−
∫ ∞

0

w−(P (T (τ) > y))dy ≥ 0.

Thus (τ1, T1(t)) is indeed incentive compatible. On the other hand, the total revenue for the

new mechanism is:∫ ∞

0

P (T1(τ1) > y)dy = (1− w+(p))
θ

λ
+

∫ ∞

0

P (T (τ1) > y)dy,

≥ (1− w+(p))
θ

λ
+

∫ T (t0)

0

P (T (τ1) > y)dy,

≥ (1− w+(p))
θ

λ
+

∫ ∞

0

P (T (τ) > y)dy − δ.

Since p < 1 we can get strict improvement on total revenue for small δ.

Proof of Lemma 3. We already know that (τ, T (t)) is incentive compatible if and only if

the following IR conditions holds:

λ

∫ ∞

0

w−(P (T (τ)− T (s) > y|τ > s))dy ≤ θ, ∀s, s.t. P (τ > s) > 0.
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We want to prove it is equivalent to T-IC conditions holds:

λ

∫ ∞

0

w−(P (T (τ)− s > y|T (τ) > s))dy ≤ θ, ∀s, s.t. P (T (τ) > s) > 0.

Denote

S1 = {s|P (τ > s) > 0, T (t) > T (s) ∀t > s},

S2 = {s|P (τ > s) > 0, ∃t > s s.t. T (t) = T (s)},

T1 = T (S1) = {T (s)|s ∈ S1}, T2 = {s ∈ R+|P (T (τ) > s) > 0}/T1.

I first show that IR holds for ∀s, s.t. P (τ > s) > 0 if and only if IR holds for s ∈ S1.

For s ∈ S2, denote

I(s) = {t ≥ s|T (t) = T (s)}.

Because T is increasing left-continuous function, I(s) = [s, t0], t0 ∈ S1 and

P (T (τ)− T (s) > y|τ > s) =
P (T (τ)− T (t0) > y)

P (τ > s)
,

≤ P (T (τ)− T (t0) > y)

P (τ > t)
= P (T (τ)− T (s) > y|τ > t0).

Thus IR condition holds in s if it holds in t0.

Next, I show that T-IC holds for ∀s, s.t. P (T (τ) > s) > 0 if and only if T-IC holds for

any s ∈ T1. It is easy to see T (S2) ⊊ T (S1) and thus T1 = suppT (τ). Since

{s ∈ R+|P (T (τ) > s) > 0} ⊊ [0,max suppT (τ)],

For any s such that P (T (τ) > s) > 0 but s ̸∈ T1, there exists a s0 ∈ T1 such that s0 < s and

(s0, s) ∩ T1 = ∅. Namely P (s0 < T (τ) ≤ s) = 0. Consequently

P (T (τ)− s > y|T (τ) > s) = P (T (τ)− s > y|T (τ) > s0) ≤ P (T (τ)− s0 > y|T (τ) > s0)

Thus T-IC holds at s if it holds at s0 ∈ T1.

Finally, the equivalence between IR on S1 and T-IC on T1 is immediate because T is a

one to one mapping between s ∈ S1 and T (s) ∈ T1 such that

{T (τ) > T (s)} = {τ > s}.
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Proof of Lemma 4. We prove by contradiction. Suppose there exists (τ1, T1(t)) that

is incentive compatible and leads to more profit than (τ, T (t)). According to Lemma 3,

T1(τ1) is feasible in the auxiliary stopping money problem. However, this contradicts with

the optimality of T (τ).

Proof of Proposition 2. We only need to prove for any non-negative random variable

T ∈ T , there exists T (t) such that

P (T ≤ t) = P (T (τ0) ≤ t).

The incentive comparability of (τ0, T ) follows directly from Lemma 3.

Since T ∈ T , by definition we can write the cumulative function as:

P (T ≤ y) =

∫ y

0

ρ(s)ds+
∑
i

1yi≤yYi.

Define P (y) and T (t) as:

P (y) = P (T < y) =

∫ y

0

ρ(s)ds+
∑
i

1yi<yYi,

T (t) = max{y ∈ R+|1− P (y) ≥ e−t}.

Notice that P (0) = 0 and P (y) is left-continuous and increasing, so T (t) is well-defined. In

addition,

T (t) ≥ y ⇔ e−t ≤ 1− P (y).

Thus

P (T (τ) ≥ y) = P (e−τ ≤ 1− P (y)) = 1− P (y) = P (T ≥ y).

Since P is increasing and has regular decomposition, it is easy to see T (t) is also increasing

and has regular decomposition.

Proof of Lemma 6. It is equivalent to prove the differential form, namely there exists
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a unique f in L1[0, T1] such that

f(t) = w′
−(e

−T1+t)e−T1+t +

∫ T1

t

w′
−(e

−s+t)e−s+tf(s)ds, ∀t ∈ [0, T1].

Consider the following self-mapping on L1[0, T1], Γ:

Γ(f)(t) = w′
−(e

−T1+t)e−T1+t +

∫ T1

t

w′
−(e

−s+t)e−s+tf(s)ds, ∀t ∈ [0, T1].

First I show that this is indeed a self-mapping. Integration by parts we have∫ T1

0

|Γ(f)(t)|dt =
∫ T1

0

∣∣∣w′
−(e

−T1+t)e−T1+t +

∫ T1

t

w′
−(e

−s+t)e−s+tf(s)ds
∣∣∣dt

≤ 1− w−(e
−T1) +

∫ T1

0

∫ s

0

w′
−(e

−s+t)e−s+t|f(s)|dtds

= 1− w−(e
−T1) +

∫ T1

0

(1− w−(e
−s))|f(s)|ds < ∞.

Next I prove Γ is a contracting mapping, using the same integration by parts one can show

∥Γ(f1)− Γ(f2)∥1 =
∫ T1

0

|Γ(f1)(t)− Γ(f2)(t)|dt

≤
∫ T1

0

(1− w−(e
−s))|f1(s)− f2(s)|ds

≤ (1− w−(e
−T1))∥f1 − f2∥1.

Thus we can apply contracting mapping theorem to prove the existence and uniqueness of

f , which is the fixed point of Γ.

Proof of Lemma 5. First notice that by defining Ts(t) = T (t+s)−T (s) and tsi = ti−s

we can normalize the equation as∫ ∞

0

w−(e
−T−1

s (y))dy =
∑
i,tsi≥0

Tiw−(e
−tsi ) +

∫ ∞

0

w−(e
−t)T ′

s(t)dt, ∀s ≥ 0.

Therefore, it is without loss of generality to prove the lemma only for s = 0.

Since T (t) jumps from T (ti) to T (ti+) = T (ti) + Ti at time ti, T
−1(x) = ti for x ∈

[T (ti), T (ti) + Ti). Denote I = R+/ (∪i[T (ti), T (ti) + Ti)). I is a countable union of closed
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interval in which T is absolutely continuous.∫ ∞

0

w−(e
−T−1(y))dy

=
∑
i

∫
T (ti),T (ti)+Ti

w−(e
−T−1(y))dy +

∫
I
w−(e

−T−1(y))dy,

=
∑
i

Tiwi(e
−ti) +

∫
I
w−(e

−T−1(y))dy.

We also need to worry about intervals in which T (t) stays constant. Define

M = {{[s1, s2]} | T (s1) = T (s2)},

J = ∪I∈M I.

The interior of I0 is clearly a countable union of disjoint interval: J◦ = ∪i(ai, bi). We will

focus on the interior set here and in the following, because we do not need to worry about

(countable) end points when doing integration with respect to Lebesgue measure.

By construction T (ai+) = T (bi) = yi, and (R+/J)◦ = (0, a1) ∪i (bi, ai+1) ∪ (sup bi,∞) is

a countable union of disjoint interval, which I simply denote as ∪i(bi, ai+1). This two facts

imply that up to countable points,

R+ = ∪i(T (bi), T (ai+1)).

Next, we take a closed look into the interval (T (bi), T (ai+1)) and discuss the possible

confusion caused by jump points. The set ((bi, ai+1)/{tk}k)◦ is also a countable union of

intervals (recall that {tk}k is the countable set of jump points of T ). Denote it as ∪j(c
i
j, d

i
j),

we have

((T (bi), T (ai+1)) ∩ I)◦ = ∪j(T (c
i
j), T (d

i
j)).

By construction T is absolute continuous in (cij, d
i
j), its derivative f is almost everywhere

positive. In addition, T−1(T (cij+)) = cij and T−1(T (dij)) = dij. Therefore∫
(T (bi),T (ai+1))∩I

w−(e
−T−1(y))dy =

∑
j

∫ T (dij)

T (cij)

w−(e
−T−1(y))dy,

=
∑
j

∫ dij

cij

w−(e
−t)T ′(t)dt =

∫ ai+1

bi

w−(e
−t)f(t)dt.
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Now since f(t) = T ′(t) is almost everywhere 0 in J, we can conclude:∫ ∞

0

w−(e
−t)f(t)dt =

∫
J
w−(e

−t)f(t)dt+
∑
i

∫ ai+1

bi

w−(e
−t)T ′(t)dt,

=
∑
i

∫ ai+1

bi

w−(e
−t)T ′(t)dt,

=
∑
i

∫
(T (bi),T (ai+1))∩I

w−(e
−T−1(y))dy,

=

∫
I
w−(e

−T−1(y))dy.

In summary, we successfully prove:∫ ∞

0

w−(e
−T−1(y))dy =

∑
i

Tiw−(e
−ti) +

∫
I
w−(e

−T−1(y))dy,

=
∑
i

Tiw−(e
−ti) +

∫ ∞

0

w−(e
−t)f(t)dt.

Proof of Proposition 3. We first use the following lemma to ensures the existence and

uniqueness of f described in the proposition.

Lemma 6 For any constant T1 > 0, there exists a unique f in L1[0, T1] such that

w−(e
−T1+t) +

∫ T1

t

w−(e
−s+t)f(s)ds = 1, ∀t ∈ [0, T1].

Then we continue the analysis of proof sketch in the main text. Recall that with the help

of Lemma 5, we can rewrite our exponential design problem as

V = max
f,Ti,ti

∑
i

Tie
−ti +

∫ ∞

0

e−tf(t)dy,

s.t. λ
∑
i,ti≥s

Tiw−(e
−ti+s) + λ

∫ ∞

s

w−(e
−t+s)f(t)dt− θ ≤ 0, ∀s ≥ 0.
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To solve it, I will use the duality approach. Consider the following relaxed problem:

V (γ) = max
f,Ti,ti

∑
i

Tie
−ti +

∫ ∞

0

e−tf(t)dy −
(∑

i

Tiw−(e
−ti) +

∫ ∞

0

w−(e
−t)f(t)dy − θ

λ

)
−
∫ ∞

0

γ(s)
( ∑

i,ti≥s

Tiw−(e
−ti+s) +

∫ ∞

s

w−(e
−t+s)f(t)dt− θ

λ

)
ds.

Suppose the Lagrange density11 γ(s) is non-negative. Then any feasible (f, Ti, ti) in the

exponential design problem will have higher objective value in the relaxed problem. Thus

the optimal value of the relaxed problem (if exits) is weakly higher than the optimal value

of the exponential design problem: V (λ) ≥ V .

Now using integration by parts, we can transform the relaxed problem as

V (γ) = max
f,Ti,ti

∫ ∞

0

f(t)
(
e−t − w−(e

−t)−
∫ t

0

w−(e
−t+s)γ(s)ds

)
dt+∑

i

Ti

(
e−ti − w−(e

−ti)−
∫ ti

0

w−(e
−t+s)γ(s)ds

)
+ V0

where V0 =
θ

λ
(1 +

∫ ∞

0

γ(s)ds).

We can prove the existence of the following Lagrange density γ(t):

Lemma 7 There exists γ(t) and T0 > 0 such that

� γ(t) > 0 for t ∈ [0, T0), and γ(t) = 0 for t ∈ [T0,∞).

� e−t − w−(e
−t)−

∫ t

0
w−(e

−t+s)γ(s)ds = 0 for t ∈ [0, T0];

� e−t − w−(e
−t)−

∫ t

0
w−(e

−t+s)γ(s)ds < 0 for t ∈ (T0,∞).

With the Lagrange density γ(t) constructed in Lemma 7, the optimal value of the relaxed

problem V (γ) = V0. Thus we know V ≤ V (γ) = V0. On the other hand, consider the

cumulative payment function described in Proposition 3:

T ∗(t) =
θ

λ

(
1t>T0 +

∫ min{t,T0}

0

f(s)ds
)
.

T ∗(t) has value V0 in the relaxed problem because it stays constant in (T0,∞] (where γ(s) <

0). It also has value V0 in the original exponential design problem because its IR constraints

11Notice that besides the Lagrange density γ(s) whose value is to be determined later, I also explicitly
add one unit mass of Lagrange measure on the IR condition for time 0.
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are binding for t ∈ [0, T0], which makes sure the complementary slackness holds:

γ(s)
(
1T0≥sw−(e

−T+s)
θ

λ
+

∫ T0

s

w−(e
−t+s)

θ

λ
w′

−(e
−T0+t)e−T0+tdt− θ

λ

)
= 0 ∀s ≥ 0.

Since T ∗(t) is incentive compatible by construction, it is indeed the optimal cumulative

payment function.

Finally, let us prove the uniqueness. Suppose

T 1(t) =

∫ t

0

f(s)ds+
∞∑
i=0

1ti<tTi

is also a optimal cumulative payment function. Since we already know V = V (λ) = V0,

T 1(t) must have value V0 in the relaxed problem. This means for all most all s ∈ (T0,∞),

∑
i,ti≥s

Tiw−(e
−ti+s) +

∫ ∞

s

w−(e
−t+s)f(t)dt− θ

λ
= 0.

Thus all the jump points ti ≤ T0 and f(s) is almost everywhere 0 in [T0,∞], and consequently

T 1(t) = T 1(T0+) ∀t > T0.

Since T 1(t) has the same value in the exponential design problem and the relaxed problem,

Complementary Slackness condition must hold almost everywhere. This joint with γ(s) > 0

for s ∈ [0, T0] implies IR constraints must be binding almost everywhere for s ∈ [0, T0]. Also

notice that the expression of IR constraints:

h(s) =
∑
i,ti≥s

Tiw−(e
−ti+s) +

∫ ∞

s

w−(e
−t+s)f(t)dt− θ

λ

is left continuous in s. If IR constraint is not binding at some time s0 ∈ (0, T0], then IR

constraints are not binding for all s ∈ (s0 − δ, s0]. This is a contradiction.

Now that IR is binding for any t ∈ (0, T0], IR must also be binding at time 0, otherwise

T 1 is not optimal. In conclusion, T 1(t) = T ∗(t).

Proof of Lemma 7 . Recall that there exists an unique p1 ∈ (0, 1) such that w−(p1) =

p1, and w−(p) ≤ p in [0, p1] while w−(p) ≥ p in [p1, 1]. I will first prove that there exists a
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function g0 defined on [0, t0] = [0,− log p1] such that

e−t − w−(e
−t)−

∫ t

0

w−(e
−t+s)g0(s)ds = 0, ∀t ∈ [0, t0],

it is equivalent to prove its differential form. Namely there exists g0(t) such that

g0(t) = −e−t + w′
−(e

−t)e−t −
∫ t

0

w′
−(e

−t+s)e−t+sg0(s)ds, ∀t ∈ [0, T0].

Consider the functional space L1[0, t0] (which is a Banach space). Define the following self-

mapping Γ on L1[0, t0] :

Γ(g)(t) = −e−t + w′
−(e

−t)e−t −
∫ t

0

w′
−(e

−t+s)e−t+sg(s)ds.

We need to first verify that Γ(g) ∈ L1[0, t0].∫ t0

0

Γ(g)(t)dt =

∫ t0

0

(
− e−t + w′

−(e
−t)e−t −

∫ t

0

w′
−(e

−t+s)e−t+sg(s)ds
)
dt,

≤ 2− e−t0 − w−(e
−t0) +

∫ t0

0

|g(s)|
∫ δ

s

w′
−(e

−t+s)e−t+sdtds,

= 2− e−t0 − w−(e
−t0) +

∫ δ

0

|g(s)|(1− w−(e
−δ+s))ds < ∞.

Next we prove that Γ is a contracting mapping. For any g1, g2 ∈ L1[0, t0]

∥Γ(g1)− Γ(g2)∥1 =
∫ t0

0

|Γ(g1)(t)− Γ(g2)(t)|dt,

≤
∫ t0

0

∫ t

0

w′
−(e

−t+s)e−t+s|g1(s)− g2(s)|dsdt,

=

∫ t0

0

|g1(s)− g2(s)|
∫ t0

s

w′
−(e

−t+s)e−t+sdtds,

=

∫ t0

0

(1− w−(e
−t0+s))|g1(s)− g2(s)|ds,

≤ (1− w−(e
−t0))

∫ t0

0

|g1(s)− g2(s)|ds = (1− w−(e
−t0))∥g1 − g2∥1.

Therefore, according to contracting mapping theorem (or Banach fixed point theorem), there

exists a unique fixed point of Γ, g0 as desired.
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Second, define T0 as:

T0 = min{t ∈ [0, t0]|g0(t) ≤ 0}.

T0 is well-defined, because g0 is clearly continuous in [0, t0] and if g0(t) > 0 for any t ∈ [0, t0],

then

0 = e−t0 − w−(e
−t0)−

∫ t0

0

w−(e
−t0+s)g0(s)ds = −

∫ t0

0

w−(e
−t0+s)g0(s)ds < 0,

which is a contradiction. Also, T0 > 0 because it is easy to see g0(0) = w′
−(1)− 1 > 0.

Now we construct the Lagrange density γ(t) as:

γ(t) =

g0(t) ∀t ∈ [0, T0],

0 ∀t ∈ [T0,∞).

What remains to be proved is

h(t) =e−t − w−(e
−t)−

∫ t

0

w−(e
−t+s)γ(s)ds

=e−t − w−(e
−t)−

∫ T0

0

w−(e
−t+s)γ(s)ds < 0, ∀t ∈ (T0,∞).

First notice that since w−(p) > p for any p ∈ (0, p1),

h(t) < −
∫ T0

0

w−(e
−t+s)γ(s)ds < 0, ∀t ≥ t0.

Thus we only need to worry about t ∈ (T0, t0). By construction we know h(T0) = 0 and

h′(T0) ≤ 0.

h1(t) = h′(t)et = −1 + w′
−(e

−t) +

∫ T0

0

w′
−(e

−t+s)γ(s)esds

h′
1(t) = −w′′

−(e
−t)e−t −

∫ T0

0

w′′
−(e

−t+s)e−t+2sγ(s)ds.

Now Let us consider the two cases of Condition 1.

� If p1 ≥ p−. Since w− is strictly convex in (p−, 1], we have w′′
−(e

−t) > 0 for any t < t0.

Therefore h′
1(t) < 0 and h1(t) < h1(T0) ≤ 0 for t < t0. Consequently h(t) < h(T0) = 0

for t <∈ (T0, t0).
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� If p1 < p−, and w′′′
−(p) > 0 in (p1, 1). We can further look at

h2(t) = eth′
1(t) = −w′′

−(e
−t)−

∫ T0

0

w′′
−(e

−t+s)e2sγ(s)ds,

h′
2(t) = w′′′

−(e
−t)e−t +

∫ T0

0

w′′′
−(e

−t+s)e−t+3sγ(s)ds.

Since w− is strictly convex in (p−, 1], as the previous paragraph we can show h(t) < 0

and h1(t) < 0 for t ∈ (T0,− log p−]. So we only need to worry about t ∈ (− log p−, t0).

Since w′′′
−(p) > 0 in (p1, 1) h′

2(t) > 0 for t < t0. Consequently, either h2(t) is always

negative or it is first negative and then positive in (− log p−, t0). Equivalently, h1 is

either always increasing or first increasing and then decreasing in (− log p−, t0).

Since we know h1(T0) < 0, h1 is either always negative or first negative and then

positive in (− log p−, t0). Equivalently, h is either always decreasing or first decreasing

and then increasing (− log p−, t0). This joint with the fact that h(− log p−), h(t0) < 0

implies h(t) < 0 in (− log p−, t0).

Proof of Theorem 1. From Proposition 3 we know that T ∗(t) is the optimal cumulative

payment function for the exponential stopping time τ0. Next, I claim T ∗(τ0) solves the the

auxiliary stopping money problem:

T ∗(τ0) ∈ argmax
T∈T

∫ ∞

0

P (T > y)dy,

s.t. λ

∫ ∞

0

w−(P (T − s > y)|T > s)dy ≤ θ, ∀s, s.t. P (T > s) > 0,

Suppose for the purpose of contradiction that there exists T1 that yields a higher expected

profit than T ∗(τ0). According to Proposition 2, there exists T1(t) such that (τ0, T1(t)) is

incentive compatible in the original design problem and yields the same expected profit as

T1, which is higher than (τ0, T
∗(t)). This contradicts the optimality of T ∗(t).

Since T ∗(τ0) solves the auxiliary stopping money problem, according to Lemma 4, (τ0, T
∗(t))

is the optimal dynamic pricing process in the original problem.

For the uniqueness part, suppose (τ, T ) is a optimal dynamic pricing process. According

to Lemma 3, T (τ) is feasible in the auxiliary stopping money problem. Then according to

Proposition 2, there exists a cumulative payment function T2(t) such that (τ0, T2) is incentive
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compatible and

P (T (τ) ≤ y) = P (T2(τ0) ≤ y), ∀y ∈ R+.

Since T ∗(τ0) solves the the auxiliary stopping money problem, so does T (τ) and T2(τ0) (they

have the same expected profit). Consequently, (τ0, T2) is an optimal dynamic pricing process.

The uniqueness part of Proposition 3 implies T2 = T ∗ so

P (T (τ) ≤ y) = P (T ∗(τ0) ≤ y), ∀y ∈ R+.

Proof of Theorem 2. We first prove the optimality of the proposed dynamic pricing.

Consider the following program mentioned in the main text:

V = max
µk∈[0,1],Fk∈∆[0,1]

∞∑
k=0

µ∗θ

λ
δk−1

k−1∏
i=1

(1− µi)

∫
w+(x)dFk

s.t. µk =

∫
xdFk, ∀k.

Since the set of feasible µk, Fk is compact for any k, the set of feasible sequence (µk, Fk)

is also compact due to Tychonoff’s Theorem. The objective function is clearly continuous

with respect to the multiple topology, thus we know the optimal solution (F ∗
k ) and optimal

value V exists. We then prove V equals V ∗ described in the Theorem 2. Notice that the

optimization problem of V is recursive:

∞∑
k=0

µ∗θ

λ
δk−1

k−1∏
i=1

(1− µi)

∫
w+(x)dFk

=
µ∗θ

λ

∫
w+(x)dF1 + δ(1− µ1)(

∞∑
k=2

µ∗θ

λ
δk−1

k−1∏
i=2

(1− µi)

∫
w+(x)dFk)

We have:

V =
µ∗θ

λ

∫
w+(x)dF

∗
1 + δ(1− µ1)V = max

F

µ∗θ

λ

∫
w+(x)dF + δ(1− µ1)V,

V = max
F

µ∗θ

λ

∫
w+(x)dF

1− δ(1−
∫
xdF )

,

≥ max
x∈[0,1]

µ∗θ

λ

w+(x)

1− (1− x)δ
= V ∗.
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On the other hand, since:

w+(x)−
λV ∗

µ∗θ
(1− δ(1− x)) ≤ 0, ∀x ∈ [0, 1]

we have: ∫
w+(x)dF − λV ∗

µ∗θ
(1− δ(1−

∫
xdF )) ≤ 0, ∀F ∈ ∆[0, 1],

which implies V ≤ V ∗. Thus V = V ∗. According to the analysis in the main text, we know

V = V ∗ is a upper bound of the expected revenue the seller can gain.

The proposed dynamic pricing process (X∗
t , T

∗
t ) will bring profit V ∗ to the seller if the

buyer keeps purchasing until she finally gets the good. By construction, purchasing one

time and quit will bring 0 payoff to the buyer. Next we show any other strategy brings

non-positive payoff. Therefore, “unless getting the good already, always planing to purchase

one last time and quit thereafter” consists of a incentive-compatible strategy, and the upper

bound V ∗ is achieved. This will complete the proof of optimality.

Suppose by contradiction there is one strategy σ that can bring positive payoff. It is

without loss of generality to assume σ is pure. And since Xt and Tt are stationary, it is

without loss to assume σ is history independent. Suppose in this optimal strategy, the

buyer purchases at time t1 < t2 < ... < tk < ... conditioned on she has not got the good

(tk = ∞ means no more purchase). Following this strategy, δτθ has a discrete support:

{δtkθ|k = 1, ...} and

P (δτθ > δtkθ) = P (Get the good before kth purchase).

The positive payoff from the good account under this strategy is:∫ ∞

0

w+(P (δτθ > y))dy,

=
∞∑
k=1

(
w+(1− (1− x∗)k)− w+(1− (1− x∗)k−1)

)
δtkθ.

Since σ brings positive payoff to the buyer, Proposition 1 puts a upper bound on the expected
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discounted payment the buyer pays (the first inequality):

µ∗

λ

∫ ∞

0

w+(P (δτθ > y))dy >

∞∑
k=1

(1− x∗)k−1δtkp∗t∗,

=
∞∑
k=1

(1− x∗)k−1δtk
µ∗

λ
θw+(x

∗).

Define the difference as a function of δ:

0 < D(δ) =
∞∑
k=1

(
w+(1− (1− x∗)k)− w+(1− (1− x∗)k−1)

)
δtk

−
∞∑
k=1

(1− x∗)k−1w+(x
∗)δtk ,

=
∞∑
k=1

(
w+(1− (1− x∗)k)− w+(1− (1− x∗)k−1)− (1− x∗)k−1w+(x

∗)
)
δtk ,

=
∞∑
k=1

akδ
tk .

We will create a contradiction by showing 0 < D(1) ≤ 0. Now we analysis the sign of ak:

w+(1− (1− x∗)k)− w+(1− (1− x∗)k−1)− (1− x∗)k−1w+(x
∗)

(1− x∗)k−1x∗ ,

=
w+(1− (1− x∗)k)− w+(1− (1− x∗)k−1)

1− (1− x∗)k − 1 + (1− x∗)k−1
− w+(x

∗)

x∗ .

By mean value theorem, there exists xk ∈ [1− (1− x∗)k−1, 1− (1− x∗)k] such that

w+(1− (1− x∗)k)− w+(1− (1− x∗)k−1)

1− (1− x∗)k − 1 + (1− x∗)k−1
= w′

+(xk).

Since w+ is first concave then convex, ak is first decreasing then increasing. Also notice that

a1 = 0. Therefore we know there exists a number k0 such that tk0 < ∞ (if tk0 = ∞ then

D(δ) ≤ 0, a contradiction) such that:

ak ≤ 0, if k ≤ k0; ak > 0 if k > k0.

The series is absolutely bounded if δ < 1/(1 − x∗) so we can calculate D′(δ′) for δ′ ∈ [δ, 1]
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by taking derivative by terms:

D′(δ) =
∑
k

aktkδ
tk−1,∑

k≤k0

aktkδ
tk−1 +

∑
k>k0

aktkδ
tk−1,

≥
∑
k≤k0

aktk0δ
tk−1 +

∑
k>k0

aktk0δ
tk−1, (8)

=
∑
k

aktk0δ
tk−1 = tk0D(δ) > 0.

Consequently D(δ′) > 0 for any δ′ ∈ [δ, 1]. In particular:

D(1) = w+(1)−
w+(x

∗)

x∗ = 1− w+(x
∗)

x∗ > 0.

⇒ w+(x
∗) < x∗.

However, we know:

x∗ ∈ argmax
w+(x)

1− (1− x)δ
,

⇒ w+(x
∗)

1− (1− x∗)δ
≥ w+(1)

1− (1− 1)δ
= 1,

⇒ w+(x
∗)

x∗ ≥ w+(x
∗)

1− (1− x∗)δ
≥ 1.

Thus x∗ ≤ w+(x
∗) < x∗ creates a contradiction.

In conclusion, the proposed dynamic pricing process achieves the upper bound of the

profit V ∗ and is therefore the optimal one.

Uniqueness Now we prove the essential uniqueness of the optimal pricing process. We

first show that for any fixed weighting function w+, except for at most one δ, the maximizer

of the problem

y ≡ λV ∗

µ∗θ
= max

F

∫
w+(x)dF

1− δ(1−
∫
xdF )

44



is unique. Denote g(x) as the smallest concave function that is greater than w+(x). Since

w+(x) is strictly concave in [0, p+] and strictly convex in [p+, 1]. We know:

g(x) =

w+(x) if x ∈ [0, p+],

1−x
1−p+

w+(p
+) + x−p+

1−p+
w+(1) if x ∈ [p+, 1].

We already know

w+(x) ≤ y(1− δ(1− x)), ∀x ∈ [0, 1],

w+(x0) = y(1− δ(1− x0)), for some x0 ∈ [0, 1],

Notice y(1− δ(1− x)) is concave in x, by the definition of g we know:

g(x) ≤ y(1− δ(1− x)), ∀x ∈ [0, 1],

w+(x0) = g(x0) = y(1− δ(1− x0)).

Thus y(1 − δ(1 − x)) is a supporting plane of g at x0. Because g is linear in x ∈ [p+, 1],

x0 ∈ [p+, 1] if and only if the slope of y(1− δ(1− x)) coincides with g:

δy =
w+(1)− w+(p

+)

1− p+

It is clear that y as a function of δ is strictly increasing in δ, thus there is at most one δ

satisfies this equation. For all other δ, x0 ∈ [0, p+]. Because g is strictly concave in [0, p+], we

know y(1− δ(1− x)) > g(x) ≥ w+(x) for all x ̸= x0. Therefore the degenerated distribution

at x0 is the unique maximizer:

δx0 = argmax
F

∫
w+(x)dF

1− δ(1−
∫
xdF )

.

From now we will focus on δ where x0 = x∗ is the unique maximizer. Consider any

mechanism (Xt, Tt) and consumption plan s(ht) that achieve the optimal profit V ∗. Here

we only assume that s(ht) satisfies IR conditions under (Xt, Tt). We can repeat the same

relaxation as we did in the main text. Since (Xt, Tt) and s(ht) indeed achieves the upper

45



bound, all the relaxation must be tight. This implies:

τ̂k = k, τk = k + 1, (9)

µk = P (τ̂k ≤ τ < τk|hτ̂k) = x∗,

⇒ x∗ = P (Xk = 1) ∀k. (10)

E[
τk−1∑
t=τ̂k

δt−τ̂kTt|hτ̂k ] ≤
µ∗θ

λ
w+(P (τ̂k ≤ τ < τk|hτ̂k)),

⇒ E[Tk−1] =
µ∗

λ
w+(x

∗). (11)

According to the Proposition 1, the unique Tk that has this expectation and satisfies IR

condition is the binary random price described in Theorem 2. This completes the proof.
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