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Abstract

We present a two stage entry game in which a large number of firms choose simul-
taneously whether to enter a market or not. Firms that decide to enter the market
produce a homogeneous good facing Cournot competition under a parametrized de-
mand. Using a global game approach, we show that there exist selection of a unique
equilibrium in the first stage entry game, in which there is efficient entry, i.e. firms
that enter are the ones with the lowest entry cost, providing theoretical foundation for
the equilibrium selection assumption utilized in entry models in the empirical entry
literature. We explore as well efficiency properties of the selected equilibrium and pro-
vide examples that do not fit our general framework, but where similar results may be
obtained.
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1 Introduction
There is vast literature about models of entry games and its multiple equilibria problem,
which might induce econometric problems of identification hindering counterfactual analy-
sis. There exist several approaches to deal with this problem and guide empirical estimations.
In particular, one possible approximation is to consider equilibrium selection, which is con-
venient but requires to understand which is the underlying mechanism under scrutiny. We
aim to contribute to the equilibrium selection literature in entry games, proposing a global
games approach, where equilibrium selection is obtained when we examine Nash equilibria
as a limit of equilibria of payoff-perturbed games. Carlsson and van Damme (1993) Frankel
et al. (2003) Harrison and Jara-Moroni (2015) Harrison and Jara-Moroni (2021).
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Our approach differs from others essentially in the information structure. Following
the global games literature we introduce the presence of an economic fundamental (e.g. a
demand parameter) whose value agents are almost sure about. Every agent receives a highly
correlated private signal about the true value of this fundamental, which together with the
payoff structure, allows us to model high order belies and understand firms decision about
entry to compete in an oligopolistic market.

Our paper is closely related to the literature in entry games. In this line, some theoretical
work in entry and welfare is presented in Mankiw and Whinston (1986) and Amir et al.
(2014) who conclude about the relation between free and socially optimal entry; Reynolds
and Rietzke (2018) describe the regulation problem and price cap. Some empirical work like
Berry and Reiss (2007) tries to tackle multiplicity problems, specifically in this case using a
model of efficient sequential entry while Scott Morton (1999) assumes that firms that enter
are the ones with the lowest cost.

In this paper we study an entry game with oligopolistic post-entry competition. Firms
are symmetric post-entry, but differ on their entry costs. Under very general assumptions we
show that the global game approach selects a unique equilibrium in which there is efficient
entry, i.e. firms that enter are the ones with the lowest entry cost, providing theoretical
foundation for the equilibrium selection assumption utilized in entry models in the empirical
entry literature. Even though our model assumes Cournot competition, we also illustrate
our approach applying it to other classical models of competition.

The rest of the paper is organized as follows. In Section 2 we develop de model and in
Section 3 we prove uniqueness using the global game approach. In Section 4 we discuss the
efficiency property of the selected equilibrium by comparing it to the second best. In Section
5 we go beyond Cournot models and prove that our result can be applied to entry problems
in other oligopolistic contexts. Finally in Section 6 we conclude.

2 Model
Consider a two stage entry game in which a large number N ∈ N of firms choose simul-
taneously whether to enter a market or not. Firms that decide to enter the market pro-
duce a homogenous good facing Cournot competition under a demand parametrized by
x ∈

[
X,X

]
⊂ R.1

The market is described by its inverse demand function P : R+ ×
[
X,X

]
→ R+ that

to each pair (Q, x) assigns the price P (Q, x) at which total production Q is sold in the
market. The parameter x is a measure of the market demand’s attractiveness, for instance
it might represent the size of the market (in which case

[
X,X

]
⊆ R+) (Reynolds and

Rietzke, 2018; Polo, 2018). Each firm i ∈ N = {1, . . . , N} has the same production cost
function C : R+ → R+. Firm i ∈ N faces an entry sunk cost equal to fi > 0. Without loss of
generality we name the firms in increasing order of the entry costs; this is, f1 < f2 < . . . < fN .

1We do not consider the presence of incumbent firms; however, the model may well be extended to this
case.
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Firm i’s decision to enter the market is summarized in her action ai ∈ {0, 1}, where ai = 1
if firm i enters the market and ai = 0 if she does not. Firms that enter, choose simultaneously
a production quantity. Thus, given an entry profile a and a production profile q, payoffs for
firm i are:

ui(a, q, x) =

{
P
(∑

j∈N ajqj, x
)
qi − C(qi)− fi if ai = 1

0 if ai = 0

We are interested in subgame perfect equilibrium. In this framework a subgme perfect
equilibrium consists on a profile of Cournot equilibria, one for each entry profile a, and an
entry profile that is an equilibrium of the entry game in which payoffs after entry are given
by the corresponding Cournot equilibrium payoffs minus the entry costs.

In this framework we want to study the problem of multiplicity of equilibrium in the
reduced entry game.

To illustrate the multiplicity phenomenon, consider the following example taken from
Quint and Einav (2005). There are 5 firms that engage in an entry game in which market
equilibrium payoffs when n firms enter the market are 10/n, and entry costs are 1, 2, 3, 3.1,
and 5. In any pure-strategy Nash equilibrium of the entry game 3 firms enter.2 Market payoff
is 10/3 which implies that firm 5 does not enter and that firms 1 and 2 enter in equilibrium.
The third entrant may be either firm 3 or firm 4.

2.1 Assumptions

Profits in the second stage of Cournot competition for a firm i ∈ N that enters the market
may be written in a generic form as:

πi(qi, Q−i, x) = P (qi +Q−i, x) qi − C(qi) (1)

where Q−i is the aggregate production of the other firms that entered the market.
Following Amir and Lambson (2000), we will re-write payoffs in (1) as if the firm is

choosing Q for a given Q−i, then

π̃i(Q,Q−i, x) = πi(Q−Q−i, Q−i, x) = P (Q, x) (Q−Q−i)− C(Q−Q−i) . (2)

The function π̃i is defined on the lattice Q :=
{

(Q,Q−i) ∈ R2
+ : Q ≥ Q−i

}
.

We make the following general assumptions on demand and costs (P and C functions):

Assumption 1.

a) P is continuously diferentiable in Q and x, strictly decreasing in Q for fixed x, and
strictly increasing in x for fixed Q.

2If all firms enter, firms 3, 4 and 5 have negative payoffs. If four firms enter, market payoff is 2.5 which
means that firms 3, 4 and 5 did not enter, which is a contradiction. If two or one firms enter, market payoff
is greater than 5, which means that four firms have incentive to enter. Thus, in any equilibrium three firms
enter.

3



b) C is twice continuously differentiable and nondecreasing.

c) The cross-partial derivative of π̃i with respect to Q and Q−i is positive in Q,

−P ′(Q, x) + C ′′(Q−Q−i) > 0

d) The demand function P (·, x) is log-concave in Q for every x ∈ R.

Condition 1a) combines assumptions imposed in Reynolds and Rietzke (2018) and Amir
and Lambson (2000) while conditions 1b) through 1d) follow Amir and Lambson (2000).
Under Assumption 1, Theorems 2.1 and 2.3 in Amir and Lambson (2000) allow us to conclude
that, given x, for each entry profile a ∈ {0, 1}N there exists a unique Cournot equilibrium
profile in the subgame that follows a. Moreover, this equilibrium is symmetric and depends
only on the value of the parameter x and the number of firms that enter the market, m =∑

i∈N ai (and not on the identity of the entrants). Finally, Cournot equilibrium payoffs are
continuous in x.

Assumption 1 sets our framework in what Amir and Lambson (2000) call the quasi
competitive case that covers for instance the classical assumptions of decreasing marginal
revenue and convex productions costs. In this quasi competitive world, Cournot equilibrium
payoffs are decreasing in the number of entrants.

2.2 Equilibrium in the first stage reduced game

To study the first stage entry game we introduce reduced-form payoffs which come from the
Cournot equilibrium in the subgame following each entry profile a ∈ {0, 1}N . Call πc(m,x)
the Cournot equilibrium profits of a firm when m firms enter the market and the demand
parameter is x. As the Cournot equilibrium is symmetric, all firms that enter obtain the
same equilibrium payoff in the subgame. Thus, in the entry reduced-game, firm i’s payoffs
are

uEi (a, x) =

{
πc
(∑

j aj, x
)
− fi if ai = 1

0 if ai = 0

Since x represents market demand’s attractiveness, we will assume that πc(m,x) is increasing
in x and that if x is sufficiently low, then not entering is a strictly dominant strategy for
firm i, and if it is sufficiently high, then entering is a strictly dominant strategy for firm i.
This is stated formally in the following assumption.

Assumption 2.

a) For every m, πc(m,x) is strictly increasing in x.

b) For every i ∈ N , there exist numbers X < ki < k̄i < X such that if x < ki then ai = 0
is strictly dominant in the reduced entry game and if x > k̄i then ai = 1 is strictly
dominant in the reduced entry game.
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Assumption 2 implies that if x is sufficiently low then in the reduced entry game there is
a unique equilibrium in strictly dominant strategies where no firm enters the market and if x
is sufficiently large then in the entry game there is a unique equilibrium in strictly dominant
strategies where all N firms enter the market.

The problem of multiplicity of equilibria in the entry reduced-game arises for intermediate
values of x at which different sets of firms may enter the market in equilibrium.

Example 1 (Multiple equilibria in entry game with linear demand and symmetric Cournot
competition). Consider the demand functionD(p) = (a− p)x when positive and 0 otherwise.
Here, x > 0 represents the size of the market (the number of identical consumers). Thus,
the inverse demand function is P (Q, x) = a − Q

x
. There are three firms in the industry

with identical constant marginal costs c, such that a > c > 0, whose entry costs differ
f3 > f2 > f1 > 0. Such function P (along with C(q) = cq) fulfills Assumptions (1b) through
(1d) and Assumption (1a) when positive. In the unique symmetric Cournot equilibrium
when m firms enter the market, individual firm production and firms profits are:

q(m,x) =
a− c
m+ 1

x and πc(m,x) =

(
a− c
m+ 1

)2

x. (3)

Thus, Assumption (2a) is satisfied. Finally, if(
a− c

2

)2

x < f1 or equivalently x < f1

(
2

a− c

)2

then not entering is a dominant strategy for all three firms; and if(
a− c

4

)2

x > f3 or equivalently x > f3

(
4

a− c

)2

then entering is a dominant strategy for all three firms, fullfiling Assumption (2b). Therefore,
this example fits our model.

In this context, for intermediate values of x we may actually have multiple equilibria in
the entry game. For instance, suppose that a− c = 24 and that the entry costs are

f1 = 200 f2 = 210 and f3 = 220.

Then, for firm i ∈ N , payoffs of entering for m ∈ {1, 2, 3} are:

πc(1, x)− fi = 144x− fi πc(2, x)− fi = 64x− fi πc(3, x)− fi = 36x− fi. (4)

From (4) we see that:

• if x ∈]55
36
, 25

8
[ we have three equilibria in the entry game, in which only one firm enters.

Indeed, if one firm enters it is optimal for the other two firms not to enter (payoff of
entering is at most 64 ∗ 25

8
− 200 = 0) and if there are no firms in the market, then it

is optimal to enter.
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• if x ∈]55
16
, 50

9
[ we have three equilibria in the entry game, in which any two of the three

firms enter. Indeed, from (4) we see that if there are two firms in the market it is
optimal for the third firm not to enter (payoff of entering is at most 36∗ 50/9−200 = 0)
and if there is one or none firms in the market for all three firms it is optimal to enter
(payoff is at least 64 ∗ 55/16− 220 = 0). Thus, in equilibrium, any two firms enter.

We have thus a classical and fairly general model of entry and Cournot competition in
which, although market equilibrium is unique, multiple entry equilibria may exist. In the
next section we apply the tools of global games to provide a justification to the hypothesis
that in the entry game firms that enter are those with lower entry costs (Scott Morton,
1999). This justification does not come from changing the order of play in the entry game
(Berry, 1992; Quint and Einav, 2005), but rather adding a “small amount” of incomplete
information on the value of the parameter x that represents market attractiveness.

3 Equilibrium selection through global game
We have thus a game in which N firms decide simultaneously whether to enter or not a
market. Firms that do not enter get payoff of 0 and firms that enter get payoff equal
to the corresponding Cournot equilibrium payoffs minus the entry costs. These Cournot
equilibrium payoffs depend on market attractiveness. If market is very attractive, all firms
enter the market in equilibrium and if that market is not attractive at all, no firms will
enter. For intermediate values of attractiveness a subset of firms may enter in equilibrium,
but the subset is not necessarily uniquely determined. We now endow this entry game with
incomplete information over market attractiveness. Instead of knowing its actual value,
before entering the market firms have diffuse information about the demand parameter x.

To model this situation we assume that each firm receives a private signal xi, that has
the following structure: xi = x + σεi, where σ > 0 is a scale factor, x is drawn from the
interval

[
X,X

]
with uniform density, and each εi is randomly selected independent of x on

the interval
[
−1

2
, 1
2

]
. The random vector (ε1, . . . , εN) admits a continuous density. In this

context, signals xi belong to the set X(σ) =
[
X − 1

2
σ,X + 1

2
σ
]
.

This incomplete information entry game is a global game (Carlsson and van Damme,
1993; Frankel et al., 2003; Hoffmann and Sabarwal, 2019; Harrison and Jara-Moroni, 2021).
In this incomplete information game, a strategy profile provides for each value of x an
action profile that indicates whether each firm enters the market or not. In the global game
approach, equilibrium selection occurs if for certain values of x when σ → 0 there is a unique
equilibrium strategy profile.

Our equilibrium selection result establishes that when uncertainty vanishes, firms with
lower entry costs enter the market.

Theorem 1. In our framework, under Assumptions 1 and 2, when σ → 0, for each value of
x there is a unique selected equilibrium in the first stage entry reduced-game, in which firms
that enter the market are those with lower entry costs.
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We prove the equilibrium selection result of Theorem 1 by applying Theorem 1 in Harrison
and Jara-Moroni (2021) (T1-HJ2021 hereafter). For this, we need to introduce the “net gain”
of entering the market in the reduced game, which is the difference in payoffs between entering
the market when other n firms have entered the market πc(n+ 1, x) − fi and not entering
the market, 0. Under our assumptions this net gain depends only on the number of firms
that enter the market, the fixed cost fi and the parameter value x,3

∆uEi (n, x) = πc(n+ 1, x)− fi.

If n firms have entered the market, then when entering the market there are m = n+ 1 firms
in the market.

Proof of Theorem 1. Under Assumption 1 the net gain ∆uEi (n, x) is well defined and is de-
creasing in the number of firms that enter the market (Theorem 2.2 in Amir and Lambson,
2000), thus the net gain satisfies A1 of T1-HJ2021. Since all involved functions are suffi-
ciently smooth ∆uEi (n, x) is continuous in x (A2 in T1-HJ2021). Assumption 2 implies that
∆uEi (n, x) is increasing in x and it states that for large enough x the only equilibrium in
the reduced entry game is for all firms to enter the market and for small enough x the only
equilibrium is with no firms entering the market (A3 and A4 in T1-HJ2021). Finally, if i > j,
for given n and x, since fi > fj, the net gain of entering the market for firm i is smaller than
the net gain of firm j (A5 in T1-HJ2021).

Thus, assumptions A1 through A5 of T1-HJ2021 are satisfied and so as σ → 0 there is
a unique equilibrium strategy profile in the bayesian global game described above. In this
profile, firm i enters the market if and only if its signal xi is greater than a threshold x∗i and
it does not enter if it is smaller than x∗i .

The threshold x∗i is characterised by the following equation for firm i (Harrison and
Jara-Moroni, 2021):

∆uEi (i− 1, x∗i ) = 0. (5)

It remains to be proved that x∗i is increasing in i.
Indeed, (5) is equivalent to :

πc(i, x∗i ) = fi. (6)

If i > j, then fi > fj. Moreover, for every x, since πc is decreasing in the number of firms,

πc(i− 1, x) < πc(j − 1, x) .

Thus, when we pass from j to i > j the right hand side of (6) increases, while the left hand
side decreases. This is,

πc
(
i, x∗j

)
< πc

(
j, x∗j

)
= fj < fi =⇒ πc

(
i, x∗j

)
< fi.

Thus, x∗i > x∗j .
�

3Abusing notation, from anonymity we write ∆uE
i (n, x) instead of ∆uE

i (a−i, x). The payoff relevant
information is the number of entrants rather than the identity of the entrants.
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Example 2. Since Example 1 fits our Assumptions, the global games approach gives us that
(as uncertainty over demand vanishes) for each x there is a unique selected equilibrium in
which the firms with lower entry costs enter the market.

To know which firms enter the market, we look at equation (5). In this example we have

∆uEi (n, x) = x

(
a− c
n+ 2

)2

− fi.

Thus, threshold x∗i identified in the proof of Theorem 1 is:

x∗i = fi

(
i+ 1

a− c

)2

The uniquely selected strategy profile prescribes that firm i will enter if x > x∗i and
it will not enter if x < x∗i , therefore, given x, we identify the firms i and i + 1 such that
x∗i < x < x∗i+1 and we conclude that firms 1 to i enter the market and firms i + 1 to N do
not enter.

For the case presented in Example 1, with 3 firms, where a− c = 24 and that the entry
costs are

f1 = 200 f2 = 210 and f3 = 220;

we get that if x = 5, then firms 1 and 2 enter and firm 3 does not.
In general, the thresholds are:

x∗1 =
200

144
=

100

77
x∗2 =

210

64
=

105

32
and x∗3 =

220

36
=

55

9
;

The unique selected equilibria are shown in Figure 1.

0 x∗1
|

x∗2
|

x∗3
|

x

(0, 0, 0) (1, 0, 0) (1, 1, 0) (1, 1, 1)

Figure 1: Selected equilibrium as a function of x.

In the previous example, x represents the number of identical consumers. The parameter
x can also represent other demand attributes such as the maximum demanded quantity, as
in the following example.

Example 3. Change the demand function of Example 1 to D(p) = x−p when positive, and
equal to 0 otherwise. The inverse demand function is P (Q, x) = x−Q, when positive, and
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equal to 0 otherwise. Again, P and C(q) = cq satisfy assumptions (1a) through (1d). The
m-firm Cournot equilibrium quantity and profits for a firm are, respectively:

q(m) =
x− c
m+ 1

and πc(m,x) =

(
x− c
m+ 1

)2

.

We see that πc(m,x) satisfies assumption (2a) and a simple calculation shows that:

• if x < mini∈N
{

2
√
fi
}

+ c = 2
√
f1 + c, then no firm enters the market and

• if x > maxi∈N
{

(N + 1)
√
fi
}

+ c = (N + 1)
√
fN + c, then all firms enter the market,

thus fulfilling assumption (2b).
The global games approach gives us the threshold

x∗i = (i+ 1)
√
fi + c

such that (as uncertainty over demand vanishes) for each x, in the unique selected equilibrium
if x∗i < x firm i enters de market and if x∗i > x firm i does not enter, we see again that the
firms with lower entry costs enter the market.

4 Efficiency
Our work is also related to the literature that studies efficient entry in the presence of fixed
costs. The relevant question in this literature is whether the number of firms that enter a
market under conditions of free entry (zero profits), coincides or not with what a benevolent
central planner would choose. We identify this last scenario as a second-best –in terms of
social efficiency– since, although the planner is choosing the number of entering firms, post
entry competition is still oligopolistic.

In this context, Amir, Castro, and Koutsougeras (2014) and Mankiw and Whinston
(1986) show in a symmetric environment; this is, production and entry costs are symmetric
(i.e. identical firms), that “free entry leads to socially excessive number of firms whenever
business-stealing effect is present in the industry” (Amir et al., 2014). This effect consists
on a decrease of individual equilibrium production due to an increase in the number of firms
in the market.

Some studies have explored contexts in which the excessive entry result might be re-
versed. The welfare implications of asymmetry regarding marginal costs, entry costs and/or
timing are not clearcut. Regarding marginal costs Vickers (1995) provides an example with
3 incumbents and a 4th entrant where firms learn their costs post-entry (high or low). De-
pending on cost asymmetry, the entry externality may be welfare enhancing. Etro (2008)
shows that a first mover facing endogenous entry by followers behaves more aggressively
than under simultaneous move (Etro, 2006) and that this may be welfare enhancing. In
Mukherjee (2012) a leader with unit cost advantage faces entry. A business-creating effect
may dominate the business-stealing effect to the extent that excess entry is reversed if the
leader’s cost advantage is sufficiently pronounced.
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In our context we have asymmetry on entry costs and simultaneous entry. Furthermore,
under our assumptions the business-stealing effect is present (Amir and Lambson, 2000).
Below we complement our unique equilibrium selection result in the entry game (Theorem
1) by showing that in our asymmetric environment the results of Amir et al. (2014) and
Mankiw and Whinston (1986) also hold. This is, the number of firms that freely enter in
our selected equilibrium is higher than the socially efficient one (second best). We provide a
precise statement of this result in Proposition 1

It is important to note that unlike the symmetric case, in our model what is relevant is
the set of entering firms rather than just the number of firms that enter. However, intuition
tells us that in the second-best scenario, given the number of firms that enter, the set of
entering firms will consist of the ones will the lowest entry cost. This brings us back to the
question of the number of firms that enter rather than their identity.

Indeed, in our context, the second best is obtained through the following optimization
problem:

max
a∈{0,1}N

{
Wm −

∑
i

aifi : m =
∑
i

ai

}
(7)

where Wm is the social welfare associated to the market entry of m firms.4 A solution ã to
problem (7) represents a subset Ẽ ⊆ N of the set of players. So suppose we have a solution
of (7) Ẽ ⊆ N and let us call Ñ := #Ẽ. Thus, Ñ is the number of firms that enter the
market in the second best solution Ẽ. Given a pair

(
Ẽ, Ñ

)
, we have that in the second

best the value of the problem (7) is WÑ −
∑

i∈Ẽ fi. Therefore, in our context, necessarily
Ẽ consists of the Ñ firms that feature the lowest entry costs (recall that we assume that all
firms have different entry costs). We conclude that Ẽ is the only set of firms with cardinality
Ñ in the solution of problem (7).

The question remains on whether the equilibrium number of entrants is different from the
second-best number of entrants. This question may be answered in the fashion of Proposition
1. a) in Amir et al. (2014). Given x ∈

[
X,X

]
call Ñ the number of entrants in a solution

of (7) and N∗ the number of entrants in the equilibrium selected by Theorem 1.

Proposition 1. In our framework, under Assumptions 1, N∗ ≥ Ñ − 1.

The proof of Proposition 1 follows the proof of Proposition 1 in Amir et al. (2014) and
is relegated to Appendix A. The single detail in which we must center our attention is that
in Amir et al. (2014) the loss of welfare due to entry is simply the (symmetric) fixed cost
multiplied by the number of entrants, while in our context it is the sum of the fixed costs of
the entrants. This last sum, in both the second best and the equilibrium outcomes, is the
sum of the fixed costs up to the last entrant (recall that firms are ordered from lowest to
greatest entry cost).

4Post-entry social welfare does not depend on the identity of the entrants since firms are symmetric
post-entry.

10



Example 4. Continuing with Examples 1 and 2, let us calculate de second-best number of
firms. We know that in this context problem (7) is written:

max
m∈{0,1,2,3}

W (m,x)−
m∑
i=1

fi

where W (m,x) is the social welfare when m firms enter the market (zero for m = 0).
From (3) we can calculate W (m,x). Equilibrium total production and price are

Q(m,x) = mq(m,x) = (a− c) m

m+ 1
x

p(m,x) = P (Q(m,x) , x) = a− 1

x
(a− c) m

m+ 1
x

=
a+mc

m+ 1
;

and so Social Welfare is

W (m,x) =
1

2
Q(m,x) (a− p(m,x)) +mπc(m,x)

= x
(a− c)2

2

m (m+ 2)

(m+ 1)2
.

The second best optimization problem has the form is:

max
m∈{0,1,2,3}

xα(m)− β(m)

where α(m) > 0 and β(m) > 0 are increasing in m.
Thus, there are thresholds x̃1, x̃2 and x̃3 such that if x ∈]x̃n, x̃n+1[ then the optimal

number of firms is either 0 or n.
For parameter values (a− c) = 24 and f1 = 200, f2 = 210, and f3 = 220, as in Example

2, the thresholds are:

x̃1 = 0.93 x̃2 = 5.25 and x̃3 = 15.7.

The unique selected equilibria and optimal sets of firms are shown in Figure 2. We see that,
depending on the value of x, the selected equilibrium number of firms N∗ can be smaller,5
equal or greater than the second-best number of firms Ñ .

The following example shows that the selected equilibrium number of firms can be close
to the second-best number of firms for every x.

5Of course, as Proposition 1 states, in these cases N∗ is at least Ñ − 1.
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0 x̃1

x∗1 x∗2

x̃2

x∗3

x

(0, 0, 0)

N∗ = 0

(1, 0, 0)

N∗ = 1

(1, 1, 0)

N∗ = 2

(1, 1, 1)

N∗ = 3

(0, 0, 0)

Ñ = 0

(1, 0, 0)

Ñ = 1

(1, 1, 0)

Ñ = 2

Figure 2: Selected equilibrium (above) and second-best (below) as a function of x.

Example 5 (adapted from Amir et al. (2014)). Let P (Q, x) = xe−Q, x > 0, and C(qi) = 0.
The second stage of Cournot competition profit function is πi(qi, Q−i, x) = xqie

−qi−Q−i .
The first order condition is (1 − qi)e−qi−Q−i = 0, so the optimal production quantity is

always (for any value of Q−i) qi = 1 (i.e., qi = 1 is a dominant strategy). Hence

q(m) = 1 Q(m) = m and πc(m,x) = xe−m.

We see that

• if x < f1e, then no firm enters the market and

• if x > fNe
N , then all firms enter the market,

thus all assumptions of Theorem 1 are satisfied. The global games approach selects for every
value of x a unique equilibrium of the entry game in which the firms that enter the market
are those with lower entry costs.

The second-best problem is

max
n

{∫ n

0

xe−tdt−
n∑
i=1

fi

}
;

this is,

max
n

{
x(1− e−n)−

n∑
i=1

fi

}
.

In the optimal number of firms Ñ we must have:6

x(e−Ñ+1 − e−Ñ)− fÑ ≥ 0 x(e−Ñ − e−(Ñ+1))− fÑ+1 ≤ 0

log

(
x(e− 1)

fÑ

)
≥ Ñ log

(
x(e− 1)

fÑ+1

)
≤ Ñ + 1

log(x)− log(fÑ) + log(e− 1) ≥ Ñ log(x)− log
(
fÑ+1

)
+ log(e− 1) ≤ Ñ + 1 (8)

6The left hand side condition states that the objective function is increasing to the left of Ñ and the right
hand side condition represents that the objective function is decreasing to the right of Ñ .
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For the selected equilibrium, the equilibrium condition on the number of firms that enter
is

πc(N∗, x)− fN∗ ≥ 0 πc(N∗ + 1, x)− fN∗+1 ≤ 0

which translates to

xe−N
∗ − fN∗ ≥ 0 xe−N

∗−1 − fN∗+1 ≤ 0
x

fN∗
≥ eN

∗ x

fN∗+1

≤ eN
∗+1

log

(
x

fN∗

)
≥ N∗ log

(
x

fN∗+1

)
≤ N∗ + 1

log(x)− log(fN∗) ≥ N∗ log(x)− log(fN∗+1) ≤ N∗ + 1 (9)

We see that conditions (8) and (9) represent seeking zeros for the decreasing functions of n,

log(x)− log(f(n))− n+ log(e− 1) and log(x)− log(f(n))− n,

respectively. Since log(e− 1) > 0 we get that N∗ ≤ Ñ . From Proposition 1 then we obtain
Ñ − 1 ≤ N∗ ≤ Ñ .7

5 Beyond Cournot
We have provided an equilibrium selection result through global games, on entry games under
very general and classical assumptions on symmetric Cournot competition. We have divided
the set of assumptions in two. On the one hand, assumptions on the structure of competition
in order to obtain Cournot equilibrium payoffs that are decreasing on the number of firms
(assumptions (1a) through (1d)). On the other hand, we consider incomplete information
over a parameter that affects increasingly the Cournot equilibrium payoffs in order to apply
a previous result on equilibrium selection through global games with strategic substitutes.
This second set of assumptions (assumptions (2a) and (2b)) may be tracked back to Carlsson
and van Damme (1993) and Frankel et al. (2003).

Nevertheless, the relevant features of our model, that allow us to apply Theorem 1 in
Harrison and Jara-Moroni (2021) are:

• Market equilibrium payoffs are decreasing in the number, m, of firms in the market.
This implies that A1 in T1-HJ2021 is fulfilled.

• Market equilibrium payoffs are increasing in attractiveness (x). This implies that A3
in T1-HJ2021 is fulfilled.

7The result of Proposition 1 is easily verified in this example noting that log(e− 1) ≈ 0, 54 and that the
derivative of − log(f(n))− n is less than −1, so we must have Ñ ≤ N∗ + 1.

13



Both are intuitive comparative static properties of market competition: by definition, if
market attractiveness increases, equilibrium profits increase; as the number of firms increases,
equilibrium profits decrease.

Theorem 1 in Harrison and Jara-Moroni (2021) may be applied to any entry game among
firms that feature different entry costs in which market competition equilibrium payoffs fea-
ture these two characteristics. The fulfillment of the other three assumptions may be verified
as follows. Assumption A2 in T1-HJ2021 is merely technical (continuity on x of market equi-
librium payoffs). Assumption A4 must be verified once one has the payoff structure of the
specific model, but it is clearly fulfilled in models where market equilibrium payoffs tend to 0
when x decreases and are arbitrarily large when x increases. Assumption A5 (payoff asymme-
try) in T1-HJ2021 stems directly from the problem under scrutiny: multiplicity of equilibria
in entry games among firms with different entry costs. From equation (6) in the proof of
Theorem 1 we see that to find the equilibrium threshold, x∗i , of each firm i ∈ {1, . . . , N} we
must solve

πc(i, x∗i ) = fi.

Now, in this section we present a few classic models of oligopoly beyond Cournot, in which
there is price competition with differentiated products. All these classical models share the
two relevant features of payoff dependence and so we may apply Theorem 1 in Harrison and
Jara-Moroni (2021) to select a unique and efficient equilibrium in the entry game. This sheds
some light on the possibility of generalizing the efficient equilibrium selection result on entry
games.

5.1 Representative consumer with linear demand

We first consider the representative consumer approach characterized by preference for va-
riety. Following Häckner (2000) (who generalizes Singh and Vives (1984) from duopoly to
oligopoly), the utility function of the representative consumer, when there are m firms in
the market and thus m varieties are offered, is given by:

U(q1, . . . , qm) =
m∑
i=1

qiαi −
1

2

(
m∑
i=1

q2i + 2γ
∑
j 6=i

qiqj

)
+ E

where γ ∈ [0, 1[ measures product substitutability and E is expenditure on other goods.
This specification of preferences provides the following demand function for each good i ∈
{1, . . . ,m}.

Di(pi, p−i, x) = x
(αi − pi) (1 + γ (m− 1))− γ

∑m
j=1 (αj − pj)

(1− γ) (1 + γ (m− 1))

14



where x measures the number of representative consumers (the size of the market). In a
symmetric market (αi = α ∀ i), we get:

Di(pi, p−i, x) = x
(α− pi) (1 + γ (m− 1))−mγα + γ

∑m
j=1 pj

(1− γ) (1 + γ (m− 1))

= x
α (1− γ)− pi (1 + γ (m− 2)) + γ

∑
j 6=i pj

(1− γ) (1 + γ (m− 1))

(10)

With symmetric firms, ci = c ∀ i, we get8

p∗i =
α(1− γ) + c(1 + (m− 2)γ)

2 + (m− 3)γ
(11)

Equilibrium production for firm i is

Di(p
∗, x) = x

(α− p∗i ) (1 + γ (m− 1))−mγα + γ
∑m

j=1 p
∗
j

(1− γ) (1 + γ (m− 1))

= x
(α− c)(1 + (m− 2)γ)

(2 + (m− 3)γ)(1 + (m− 1)γ)
.

Equilibrium profits are then:

πRA(m,x) = x
(α− c)(1 + (m− 2)γ)

(2 + (m− 3)γ)(1 + (m− 1)γ)
(p∗i − c)

= x
(α− c)(1 + (m− 2)γ)

(2 + (m− 3)γ)(1 + (m− 1)γ)

(
α(1− γ) + c(1 + (m− 2)γ)

2 + (m− 3)γ
− c
)

= x
(α− c)2(1− γ)(1 + (m− 2)γ)

(2 + (m− 3)γ)2(1 + (m− 1)γ)

which is increasing and continuous in x and decreasing inm for all x > 0 andm ≥ 1. Clearly,
if x → 0 no firm would enter the market and if x is sufficiently large all firms would enter.
Thus Theorem 1 in Harrison and Jara-Moroni (2021) may be applied to select equilibrium in
the entry game in which a finite number of firms compete in differentiated products facing
the symmetric demand presented in (10).

5.2 Circular City

The extension by Salop (1979) of the linear city address model of Hotelling (1929) allows
to neatly obtain competition equilibrium profit as a function of the number of firms in the
market. Consider a circular city of length 1 where a mass x of consumers is uniformly
distributed. A position in the circle represents the preferred variety of the consumer located

8Calculations are made in the Appendix for a general linear demand of the form Di(pi, p−i, x) =

x
(
a− bpi + d

∑
j 6=i pj

)
. Then, replacing the values of a, b and d for this case in (19) we obtain (11).
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in such position. Firms produce at constant marginal cost c > 0 and sell horizontally
differentiated varieties being evenly distributed along the circle. Thus, if m firms enter the
market, firm i ∈ {1, . . . ,m} produces variety ti = i

m
and chooses a price pi > 0.

Consumers purchase one unit of the good and choose which variety to consume. A
consumer located at a point t in the circle that purchases variety ti obtains a net utility

Uti = u− pi −
(ti − t)2

γ
,

where the distance (ti − t)2 refers to the shortest arc length between ti and t. The parameter
γ stands again for product substitutability; if it is large, then consumers care mostly on price
and are more willing to substitute a cheaper variety for a more distant one. In this setting,
the demand function for the variety produced by firm i ∈ {1, . . . ,m} is given by:

Di(pi−1, pi, pi+1, x) = x

[
1

m
−mγpi +mγ

(pi−1 + pi+1)

2

]
which displays competition between neighboring varieties.

The first order condition for firm i is:

x

[
1

m
−mγpi +mγ

(pi−1 + pi+1)

2

]
− xmγ (pi − c) = 0

which gives

x

m
+ xmγc+ xmγ

(pi−1 + pi+1)

2
= 2xmγpi.

Thus, in a symmetric equilibrium, ∀ i ∈ {1, . . . ,m},

p∗i = c+
1

m2γ

and, since each consumer purchases at most 1 unit of good, if u > c + 5
4γ
, all consumers

purchase the good and the equilibrium quantity for each firm is then x
m
. Thus, equilibrium

profits are:

πCC(m,x) =
x

m

(
c+

1

m2γ
− c
)

=
x

m3γ

which, again, is increasing and continuous in x and decreasing in m for all x > 0 and m ≥ 1.
Clearly, if x → 0 no firm would enter the market and if x is sufficiently large all firms
would enter. Thus Theorem 1 in Harrison and Jara-Moroni (2021) may be applied to select
equilibrium in the entry game.
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5.3 Discrete choice and product differentiation

We now turn to the multinomial logit model of discrete choice and product differentiation.
We follow the presentation in Polo (2018) with a price cap to avoid problems in the monopoly
case.

There is a (very) large population of infinitesimal consumers that choose among a fi-
nite number m of products, each produced by a different firm i ∈ {1, . . . ,m} at constant
marginal cost c > 0. Let the random utility of a (representative) consumer be described by
a deterministic component and an additive random component. The deterministic part of
the utility provided by the choice of product i is given by the function

u(pi) = α− pi;

while the random component is given by ηi that is distributed according to the double
exponential distribution F (t) = exp(− exp− (γt+ ε)), where ε is the Euler’s constant and
γ is a positive constant that negatively affects the variance. Thus, the utility of choosing
product i is

U(pi) = u(pi) + ηi

= α− pi + ηi.

The random variables (ηi)
m
i=1 are i.i.d. Under this specification of utility, the resulting prob-

ability of choosing product i ∈ {1, . . . ,m} given the vector of prices (p1, . . . , pm) is

P(i|pi, p−i) =
exp(γu(pi))∑m
j=1 exp(γu(pj))

=
exp(−γpi)∑m
j=1 exp(−γpj)

.

Then, given the vector of prices (p1, . . . , pm), firm i’s expected profits are:

xP(i|pi, p−i) (pi − c) = x
exp(−γpi)∑m
j=1 exp(−γpj)

(pi − c) (12)

where x is the mass of consumers.
Let us assume that there is a price cap p̄ > c+ 2/γ. In an interior solution he first order

condition for firm i is (see (20) in the appendix):

(pi − c)

(∑
j 6=i exp(−γpj)∑m
j=1 exp(−γpj)

)
=

1

γ
.

So in a symmetric equilibrium we have for every i ∈ {1, . . . ,m}:

(p∗i − c)
m− 1

m
=

1

γ
=⇒ p∗i =

m

γ (m− 1)
+ c and P

(
i|p∗i , p∗−i

)
=

1

m
.

Thus, equilibrium profits for m ≥ 2 are:

πDC(m,x) = x
1

m

m

γ (m− 1)
=

x

γ (m− 1)
.
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For the monopoly case expected profits are:

xP(i|pi) (pi − c) = x · 1 · (pi − c)

thus in equilibrium we get

p∗i = p̄ and πDC(1, x) = x (p̄− c) > 2x

γ
> πDC(2, x) .

The profit function is, once again, increasing and continuous in x and decreasing in m.
Clearly, if x → 0 no firm would enter the market and if x is sufficiently large all firms
would enter. Thus Theorem 1 in Harrison and Jara-Moroni (2021) may be applied to select
equilibrium in the entry game of firms that face monopolistic competition modelled as above.

6 Conclusion
In this paper we study an entry game with symmetric Cournot post-entry competition where
firms differ on their entry costs. Under very general assumptions we show that there can be
a problem of multiplicity of equilibria. We prove that the global game approach selects a
unique equilibrium in which there is efficient entry, i.e. firms that enter are the ones with
the lowest entry cost.

We show that as is the case in symmetric entry games, when the business stealing effect
is present, there can be excessive entry in the selected equilibrium.

We close by discussing that our equilibrium selection result can be applied to oligopolis-
tic models of competition that do not necessarily fit our framework and we list the two key
properties needed to apply the global game approach to entry games and select a unique
equilibrium with success. We illustrate this last remark with classical models of price com-
petition with differentiated products.

Future work should be devoted to study post-entry asymmetric competition.
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A Proof of Proposition 1

Proof of Proposition 1. We proceed, as in Amir et al. (2014), by proving that πc
(
Ñ − 1, x

)
>

fÑ , which in turn implies that πc
(
Ñ − 1, x

)
> fÑ−1 and so, in equilibrium, at least the Ñ−1

firms with lowest entry costs enter.
The proof follows almost step by step the proof of Proposition 1.a) in Amir et al. (2014),

adapting the arguments to our context where needed. Since x is fixed and plays no role, we
omit it in what follows.

First, let us introduce some notation. Let qm, Qm = mqm be the per firm and total
output in the (unique and symmetric) Cournot equilibrium with m firms in the market. Call
ym = (m− 1) qm the Cournot equilibrium output of m − 1 firms. Under our assumptions,
from Amir and Lambson (2000), qm is decreasing in m and Qm is increasing in m. Since
Qm = ym + qm, it must be the case that ym is increasing in m. Finally, call r the Cournot
best response so that r(ym) = qm. Under Assumption 1, the correspondence r can have no
slope less or equal to -1, and hence no downward jumps (see Amir et al. (2014) and the
references therein).

By the mean value Theorem, we can find a value q̃ such that qÑ ≤ q̃ ≤ qÑ−1 and

C
(
qÑ−1

)
− C(qÑ) = C ′(q̃)

(
qÑ−1 − qÑ

)
. (13)

By definition of Ñ , we have:

WÑ −
Ñ∑
i=1

fi ≥ WÑ−1 −
Ñ−1∑
i=1

fi

WÑ − fÑ ≥ WÑ−1

which translates into∫ QÑ

0

P (t) dt− ÑC(qÑ)− fÑ ≥
∫ QÑ−1

0

P (t) dt−
(
Ñ − 1

)
C
(
qÑ−1

)
and rearranging terms we obtain∫ QÑ

QÑ−1

P (t) dt− fÑ − C
(
qÑ−1

)
≥ −Ñ

(
C
(
qÑ−1

)
− C(qÑ)

)
(14)

Adding the term qÑ−1P
(
QÑ−1

)
on each side of (14) we get on the left the Cournot equilibrium

profit of a firm that entered the market πc
(
Ñ − 1

)
, and so (14) is

qÑ−1P
(
QÑ−1

)
− C

(
qÑ−1

)
− fÑ ≥ qÑ−1P

(
QÑ−1

)
−
∫ QÑ

QÑ−1

P (t) dt− Ñ
(
C
(
qÑ−1

)
− C(qÑ)

)
πc
(
Ñ − 1

)
− fÑ ≥ qÑ−1P

(
QÑ−1

)
−
∫ QÑ

QÑ−1

P (t) dt− Ñ
(
C
(
qÑ−1

)
− C(qÑ)

)
.
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Since P is strictly decreasing in Q,∫ QÑ

QÑ−1

P (t) dt < P
(
QÑ−1

) ∫ QÑ

QÑ−1

dt = P
(
QÑ−1

) (
QÑ −QÑ−1

)
and thus,

πc
(
Ñ − 1

)
− fÑ > qÑ−1P

(
QÑ−1

)
− P

(
QÑ−1

) (
QÑ −QÑ−1

)
− Ñ

(
C
(
qÑ−1

)
− C(qÑ)

)
= P

(
QÑ−1

) (
qÑ−1 +QÑ−1 −QÑ

)
− ÑC ′(q̃)

(
qÑ−1 − qÑ

)
= P

(
QÑ−1

) (
qÑ−1 +

(
Ñ − 1

)
qÑ−1 − ÑqÑ

)
− ÑC ′(q̃)

(
qÑ−1 − qÑ

)
= Ñ

(
P
(
QÑ−1

)
− C ′(q̃)

) (
qÑ−1 − qÑ

)
Since under our assumptions qm is decreasing in m, it remains to be proved that P

(
QÑ−1

)
≥

C ′(q̃). Again, this exact claim is proven in page 121 of Amir et al. (2014).
As we said above, under Ass. 1c), r can have no slope less or equal to -1 and no

downward jumps and so r(y) + y is increasing in y. Moreover, we have yÑ−1 ≤ yÑ and
r
(
yÑ−1

)
= qÑ−1 < qÑ = r(yÑ). Consequently, there exists yÑ−1 ≤ ỹ ≤ yÑ such that

r(ỹ) = q̃.
Since y → r(y) + y is increasing and Q→ P (Q) is decreasing, we have:

P
(
QÑ−1

)
= P

(
qÑ−1 + yÑ−1

)
= P

(
r
(
yÑ−1

)
+ yÑ−1

)
≥ P (r(ỹ) + ỹ)

and so we obtain

P
(
QÑ−1

)
≥ P (r(ỹ) + ỹ) (15)

Since q̃ = r(ỹ), necessarily

P (q̃ + ỹ) + q̃P ′(q̃ + ỹ) = C ′(q̃)

and so, using again that P ′ < 0, we get

P (q̃ + ỹ) ≥ C ′(q̃) . (16)

Finally, from (15) and (16), we conclude that

P
(
QÑ−1

)
≥ P (r(ỹ) + ỹ) = P (q̃ + ỹ) ≥ C ′(q̃) .

�
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B Equilibria calculations

B.1 Differentiated products with linear demand

Consider a general model of differentiated products with (symmetric) linear demand. There
are m firms that produce differentiated products with constant marginal cost. The demand
system is:

Di(pi, p−i, x) = x

(
a− bpi + d

∑
j 6=i

pj

)
(17)

for each good i ∈ {1, . . . ,m}.
Equilibrium prices are obtained writing down the first order conditions:

∂

∂pi

[
x

(
a− bpi + d

∑
j 6=i

pj

)
(pi − ci)

]
= 0

=⇒ a+ d
∑
j

pj + bci = (2b+ d) pi (18)

and summing over i

ma+ dm
∑
j

pj + b
∑
i

ci = (2b+ d)
∑
i

pi

∑
i

pi =
ma+ b

∑
i ci

2b− d (m− 1)
.

Replacing in (18) we obtain

p∗i =
2b (a+ bci) + ad− bcid (m− 1) + db

∑
j cj

(2b− d (m− 1)) (2b+ d)

=
a (2b+ d) + cib (2b− d (m− 1)) + db

∑
j cj

(2b− d (m− 1)) (2b+ d)
.

With symmetric firms, ci = c ∀ i,

p∗i =
a (2b+ d) + cb (2b− d (m− 1)) + dbmc

(2b− d (m− 1)) (2b+ d)

p∗i =
a+ bc

2b− d (m− 1)
(19)

B.2 Equilbrium price in discrete choice model

From (12), given a vector of prices (p1, . . . , pm) firm i’s expected profits are:

xP(i|pi, p−i) (pi − c) = x
exp(−γpi)∑m
j=1 exp(−γpj)

(pi − c) .
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The first order condition for firm i is:

(pi − c)

−γ exp(−γpi)
∑m

j=1 exp(−γpj) + γ exp(−γpi) exp(−γpi)(∑m
j=1 exp(−γpj)

)2
 = − exp(−γpi)∑m

j=1 exp(−γpj)

(pi − c)

−γ∑m
j=1 exp(−γpj) + γ exp(−γpi)(∑m

j=1 exp(−γpj)
)2

 = − 1∑m
j=1 exp(−γpj)

(pi − c)

(
−γ
∑m

j=1 exp(−γpj) + γ exp(−γpi)∑m
j=1 exp(−γpj)

)
= −1

(pi − c)

(∑m
j=1 exp(−γpj)− exp(−γpi)∑m

j=1 exp(−γpj)

)
=

1

γ

(pi − c)

(∑
j 6=i exp(−γpj)∑m
j=1 exp(−γpj)

)
=

1

γ

(20)
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