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Abstract

This paper studies a contracting problem for acquiring information. Desir-
ing to learn the state of the world, a principal hires an agent who can gather
information. The agent privately knows the cost of acquiring information and
faces an information design problem. This paper analyzes the principal’s op-
timal direct revelation contract as a benchmark. Because the principal may
not be able to verify the research method, direct revelation contracts are not
always available. When only research results are contractible, we show that
contracting on results is not always as good as contracting on methods with
more than two states. Under a full dimensionality assumption, there exists
a results-based contract that induces the same outcome as the optimal direct
contract does, if and only if the allocation rule is strongly c-monotone.

1 Introduction

Contracting for acquiring information is common in making consequential decisions.
Examples include the government hiring experts to test vaccine efficacy and business
owners consulting their financial advisors to make investment plans. In these scenar-
ios, the agent who conducts research is likely to know more about the cost of acquiring
information than the principal does, so an adverse selection problem naturally arises.
Besides, the principal may not be able to distinguish research methods and thus is
restricted to using payments that depend only on the verifiable result.

This paper studies a model that incorporates these features. Consider a principal
wants to hire a researcher to learn about the state of the world. Once hired, the
researcher chooses an information structure that generates a verifiable signal. The
principal does not observe the researcher’s type that affects the cost of information
structure. When information structures are observable, the principal can screen using
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a direct revelation contract. When the principal does not know the information
structure chosen by the researcher, he can only rely on a set of indirect contracts that
tie payment to the realized signal. In this paper, our focus is on the optimal contract
for the principal.

By revelation principle, using direct revelation contracts based on research meth-
ods is weakly better for the principal than using indirect contracts based on research
results. In a recent paper, Yoder (2021) shows that restricting to results-based con-
tracting doesn’t make the principal worse off. With two states of the world, an allo-
cation rule is implementable by a results-based contract if and only if it’s Blackwell-
monotone. The allocation rule specified in the optimal methods-based contract must
be Blackwell-monotone, so it’s implementable by a results-based contract. Among
results-based contracts that can implement this allocation rule, it’s possible to find
one that achieves the payment rule in the optimal methods-based contract. To sum-
marize, an important takeaway when dealing with a binary state space is: there exists
a results-based contract outcome-equivalent to the optimal methods-based contract.

However, it is not clear whether results-based contracting can always be as good
as methods-based contracting for any finite state space. Our analysis focuses on the
same model as Yoder’s (2021) but allows for more than two states. We start from
methods-based contracting. We use an argument different from Yoder’s (2021) to
show that it is without loss to ignore a monotonicity constraint, therefore the prin-
cipal’s problem is separable into type-specific Bayesian persuasion problems. Our
proof doesn’t require Blackwell monotonicity, because the optimal allocation rule is
not necessarily Blackwell-monotone with more than two states. Next, we extend Yo-
der’s (2021) results under results-based contracting. We find that the set of incentive
constraints can be characterized as a modified secant hyperplane condition under a
full dimensionality assumption. We introduce a new concept of strong c-monotonicity,
which characterizes the set of allocation rules implementable by a results-based con-
tract that achieves the same payment as in the optimal methods-based contract.
We compare strong c-monotonicity to other monotonicity concepts and find that the
equivalence of strong c-monotonicity and Blackwell monotonicity only holds within
a two-state setting. Moreover, we also derive some conditions that help determine
whether an allocation rule is strongly c-monotone.

Related Literature. — This paper is related to the literature on contracting
for acquiring information. In an early paper by Osband (1989) studying the proper
scoring rule, the agent draws observations at a cost, while the principal doesn’t know
this cost as well as the number of observations the agent makes. More recently, Yo-
der (2021) develops on this idea by modelling the agent as an information designer
and studies the principal’s contracting problem in the case where (i) the agent has
private information about costs and (ii) the research method may not be verifiable.
Yoder (2021) allows payments contingent on methods or on results and focuses on
results with two states. Min (2021) considers a setting where the principal cannot
make payments and the agent has private information about his technology, i.e., the
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set of feasible experiments. Rappoport & Somma (2017) considers a setting where
the principal doesn’t observe the agent’s choice of information structure. They study
how to incentivize the agent by designing a contract paying according to the real-
ized posterior. Their work doesn’t assume heterogeneous researchers, so it can be
viewed as a one-type version of Yoder’s (2021) model under results-based contract-
ing. Rappoport & Somma (2017) also addresses the impacts of risk aversion and
limited liability, while we assume that both parties are risk neutral and don’t require
limited liability following Yoder (2021). The papers mentioned above have a common
assumption that the agent produces hard information — results (or signals) from an
experiment are verifiable. There are papers assuming that results are not verifiable,
for instance, Zermeño (2011), Carroll (2019) and Azrieli (2021, 2022). Carroll (2019)
studies the max-min optimal contract when the principal doesn’t know much about
the agent’s technology of acquiring information. Azrieli (2021, 2022) consider hiring
multiple experts and making the payments contingent on the entire vector of signals.

From a different perspective, there are several recent papers on selling information
to agents who are privately informed about their beliefs or preferences. For example,
Bergemann, Bonatti & Smolin (2018) considers a model where a data broker sells
experiments to a decision maker who has private information about his prior belief.
Yang (2021) studies the setting where a data broker sells market segmentations to a
firm with private cost. Li (2021) considers the data broker’s optimal selling mechanism
when the decision maker can conduct his own experiment at some additional costs.

This paper incorporates elements from the literature of Bayesian persuasion or
information design (Kamenica & Gentzkow, 2011; Bergemann & Morries, 2019; Ka-
menica, 2019). There is a subtle difference between the stories in our model and
Bayesian persuasion. Because we assume that the agent has no stake in the prin-
cipal’s decision problem, the reason that the agent designs an information is to get
payments rather than persuade the decision maker to choose a preferable action.
Moreover, how the optimal information structure changes with respect to the change
in type can be regarded as a question about comparative statics in the literature of
rational inattention (Matějka & McKay, 2015; Caplin, Dean & Leahy, 2017, 2019).

2 Model Setting

We study a principal-agent model of buying information, which is the exact setting
of Yoder (2021) but allows for more than two states. The principal is faced with
a Bayesian decision problem and wants to hire a researcher (the agent) to infer the
uncertain state of the world. The researcher who designs an information structure is
privately informed about the cost of acquiring information.

Suppose the state of the world ω can take values from a finite set Ω. The principal’s
Bayesian decision problem is a tripletD = (A, u, p0), including a finite set of actionsA,
a utility function u : Ω×A → R and a prior belief over the states p0 ∈ int(∆(Ω)). For
every belief p ∈ ∆(Ω), we denote the principal’s expected utility from choosing action
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a by u(a, p) =
∑

ω∈Ω p(ω) · u(ω, a) and the value function by v(p) := maxa∈A u(a, p).
Assume that the principal and the researcher have a common prior. Once hired,

the researcher chooses a distribution over posteriors τ ∈ ∆(∆ (Ω)), of which the
mean is equal to the prior.1 Then a posterior is realized and known to everyone.
From now on, we will call τ an information structure and denote the feasible set of
information structures by X := {τ ∈ ∆(∆ (Ω)) | Ep∼τ [p] = p0}. The researcher’s
type is θ ∈ Θ := {θ1, θ2, . . . , θN}, where θ1 > θ2 > . . . > θN > 0. The indexing
here is the same as Yoder (2021), so a larger subscript means more efficient (with
a lower cost for choosing the same information structure τ). The principal doesn’t
know θ, while it is common knowledge that type θ is distributed with a cumulative
distribution function F . We write f for the probability mass function and assume f is
positive everywhere. An information structure τ is costly to the researcher and its cost
depends on the researcher’s type θ, denoted by C(τ, θ). For simplicity, we put more
structure on the cost by assuming that C(τ, θ) is multiplicatively separable in type and
posterior-separable (Caplin, Dean and Leahy, 2021). Formally, let C(τ, θ) = θC(τ)
and C(τ) = Ep∼τ [c(p)], where c(p) is continuous and strictly convex in p.

The principal may offer monetary transfer to incentivize the researcher. Given the
Bayesian decision problem and the choice of the researcher τ , the principal’s benefit
from hiring a researcher is Ep∼τ [v (p)]. Throughout this paper, we assume that the
researcher has no stake in D. The researcher only cares about the payment obtained
from the principal and the cost of τ .
We will consider two classes of contracts under different contractibility assumptions.

When information structures are contractible, the principal can offer a direct reve-
lation contract that includes a list of information structures and payments. When
information structures are not contractible, the principal can contract on research
results, i.e., possible realizations of posterior.

2.1 Methods-based Contracts

By the revelation principle, the principal can focus on direct revelation contracts
when information structures are contractible. Define an allocation rule X : Θ → X
that specifies the choice of information structure for each type of the researcher. A
methods-based contract (X , T ) consists of an allocation rule X and a payment rule
T : Θ → R such that if the researcher reports his type θ, he chooses information
structure X (θ) and receives transfer T (θ).2 The payoff of a type-θ researcher reporting

1Another interpretation is that the researcher can choose any signaling strategy (S, π : Ω →
∆(S)), where S denotes the signal space and π specifies a distribution over signals for each possible
state realization. The researcher commits to a signaling strategy before observing the realization of
the states. Following Kamenica and Gentzkow (2011), it is without loss to focus on the posterior
representation.

2For notations, Yoder (2021) uses T for a direct revelation contract and t for a methods-based
contract, then argues that they are equivalent by the revelation and taxation principles. We don’t
make the distinction here and reserve t for a results-based contract.
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θ′ is
Uθ(θ

′;X , T ) := T (θ′)− C(X (θ′) , θ)

Definition 1. Let (X , T ) be a methods-based contract.

1. (X , T ) is incentive-compatible (IC) if θ ∈ argmaxθ′∈Θ Uθ(θ
′;X , T ), ∀θ ∈ Θ.

2. (X , T ) is individually rational (IR) if Uθ(θ;X , T ) ≥ 0, ∀θ ∈ Θ.

3. X is implementable by a methods-based contract if ∃T s.t. (X , T ) is IC.

The principal’s payoff is defined as the benefit from updating his belief net of the
payment, UP (X , T ) := Eθ∼F

[
Ep∼X (θ) [v(p)]− T (θ)

]
. The principal searches over the

set of IC and IR methods-based contracts to maximize his payoff.

max
X ,T

UP (X , T ) (1)

subject to (X , T ) is IC and IR

2.2 Results-based Contracts

A results-based contract is a mapping t : ∆ (Ω) → R that pays the researcher accord-
ing to the realized posterior. Upon accepting contract t, the researcher chooses an
information structure τ from the feasible set X. The payoff of a type-θ researcher
from choosing τ is

Uθ(τ ; t) := Ep∼τ [t (p)]− C(τ, θ)

Definition 2. Let t be a results-based contract and X be an allocation rule.

1. (X , t) is feasible if it satisfies

(i) incentive constraints: X (θ) ∈ argmaxτ∈X Uθ(τ ; t), ∀θ ∈ Θ;

(ii) participation constraints: Uθ(X (θ); t) ≥ 0, ∀θ ∈ Θ.

2. X is implementable by a results-based contract, if ∃t such that (X , t) satisfies
incentive constraints.

3. t achieves the payment rule T : Θ → R if

Ep∼X (θ) [t (p)] = T (θ), ∀θ ∈ Θ

Given allocation rule X and results-based contract t, the principal’s payoff is
UP (X , t) := Eθ∼F

[
Ep∼X (θ) [v(p)]− Ep∼X (θ) [t(p)]

]
. The principal wants to maximize

his payoff by choosing a feasible (X , t).

max
X ,t

UP (X , t) (2)

subject to (X , t) is feasible
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3 Methods-based Contracting

Before solving the optimal methods-based contract, we introduce two monotonicity
concepts on allocation rules.

Definition 3. Consider Θ = {θ1, . . . , θN}, where θ1 > θ2 > . . . > θN > 0. Let
X : Θ → X be an allocation rule.

1. X is c-monotone, if C(X (θj)) ≥ C(X (θi)), ∀i < j.

2. X is Blackwell-monotone, if X (θj) ≿Blackwell X (θi), ∀i < j.3

Blackwell monotonicity is strictly stronger than c-monotonicity. Recall that C(τ) =
Ep∼τ [c (p)]. By strict convexity of c and Jensen’s inequality, Blackwell monotonicity
implies c-monotonicity, while the converse is not true.
Yoder (2021) shows that the principal’s problem (1) can be rewritten as follows:

the principal chooses an allocation rule X ∗ that solves program (M)

X ∗ ∈ argmaxX Eθ∼F

[
Ep∼X (θ) [v(p)− g(θ)c(p)]

]
s.t. X is c-monotone (M)

where g(θ) is the virtual type defined by g (θN) = θN and g (θk) = θk+
F (θk+1)

f(θk)
(θk − θk+1)

for k ≤ N − 1; then, given the choice of allocation rule X ∗, the payment rule T ∗ is
pinned down by

T ∗ (θ1) = θ1C (X ∗ (θ1))

T ∗ (θk) = θkC (X ∗ (θk)) +
k−1∑
i=1

(θi − θi+1) C (X ∗ (θi)) for k ≥ 2

Note that we can also write T ∗ as a recursive form in (3) and (4).

T ∗ (θ1) = θ1C (X ∗ (θ1)) (3)

T ∗ (θk+1) = T ∗ (θk)− θk+1C (X ∗ (θk)) + θk+1C (X ∗ (θk+1)) for k ≤ N − 1 (4)

We want to emphasize any solution to the principal’s problem must consist of a
payment rule given by (3) and (4). It follows from Lemma 4 in Yoder (2021): given
allocation rule X ∗, T ∗ is a pointwise lower bound for any other T such that (X ∗, T )
is IC and IR, i.e., T (θ) ≥ T ∗(θ), ∀θ. T ∗ attains the lowest payment not only in
expectation but also uniformly for all types. In the subsequent analysis, we will refer
(X ∗, T ∗) to the optimal methods-based contract and denote the support of X ∗(θ) as
Sθ. Slightly abusing notations, we will write the support of X ∗(θk) as Sk.

3For τ and τ ′ ∈ ∆(∆(Ω)), τ ′ ≿Blackwell τ if and only if τ ′ is a mean-preserving spread of τ .

6



Ignoring the c-monotonicity constraint for a moment, problem (M) is separable into
choosing a Bayes-plausible information structure for every type θ. Type-specific prob-
lems in (5) have the same structure as the sender’s problem in a Bayesian persuasion
or information design model.

X ∗ (θ) ∈ argmaxτ∈X Ep∼τ [v(p)− g(θ)c(p)] ∀θ ∈ Θ (5)

Because both v(p) and c(p) are continuous, the existence of solutions follows from
Kamenica and Gentzkow (2011). We also want to mention a stronger result that
there exists a solution with affinely independent support. See for example Lipnowski,
Mathevet & Wei (2021) and Aybas & Turkel (2021, Lemma 4). If a solution has
affinely dependent support, then by dropping some posteriors we can always find an
information structure that has affinely independent support and weakly improves the
objective. Because Ω is finite, affinely independent support implies the need for fewer
posteriors than there are states.

Next, Lemma 1 shows that it’s indeed without loss to leave out the c-monotonicity
constraint, when the virtual type g(θ) is increasing.4 For |Ω| = 2, the proof in Yoder
(2021) relies on a result that any allocation rule that solves the unconstrained problem
(M) must satisfy Blackwell monotonicity. However, this result is not true with more
than two states, as we will show in Example 1. For |Ω| ≥ 2, we prove Lemma 1
using an argument like the law of labor demand, i.e., “labor demand will increase as
the wage goes down”. The researcher with a smaller virtual type has lower cost of
information, therefore he will choose a more informative τ ∈ X in terms of the scalar
index C(τ).

Lemma 1. Suppose that the virtual type g(θ) is increasing in θ.

1. (Yoder 2021) With |Ω| = 2, any allocation rule that solves the unconstrained
problem (M) must be Blackwell-monotone, thus also c-monotone.

2. With |Ω| ≥ 2, there exists an allocation rule that solves the unconstrained
problem (M) and is c-monotone.

Suppose that the virtual type g(θ) is strictly increasing in θ. With |Ω| ≥ 2, any
allocation rule that solves the unconstrained problem (M) must be c-monotone.

Proof of Lemma 1. Assume that the virtual type g(θ) is increasing in θ and consider
the type-specific problem in (5). The first statement directly follows from Yoder (2021,
Proposition 1). We now prove the second statement using an argument different from
Yoder (2021).

For θ, θ′ ∈ Θ such that θ < θ′, by assumption that the virtual type g is increasing,
we have either g(θ) = g(θ′) or g(θ) < g(θ′). Recall that we interpret type θ as the
more efficient type, so we need to show C(X (θ′)) ≤ C(X (θ)).

4If the virtual type g(θ) is not increasing in θ, Myerson’s (1981) ironing technique applies here.
The principal’s problem is separable into type-specific problems, where an ironed virtual type that
is increasing in θ replaces the virtual type. See the appendix in Yoder (2021) for more details.
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• When g(θ) = g(θ′), types θ and θ′ are faced with the same problem. If the
solution is unique, then X (θ) = X (θ′). If there are multiple solutions, we can
pick the same one for X (θ) and X (θ′) such that C(X (θ′)) ≤ C(X (θ)) holds.

• When g(θ) < g(θ′), the proof is by contradiction. Suppose that C(X (θ′)) >
C(X (θ)). By the optimality of X (θ′),

Ep∼X (θ′) [v(p)− g(θ′)c(p)] ≥ Ep∼X (θ) [v(p)− g(θ′)c(p)]

Rearranging terms, we get

Ep∼X (θ′) [v(p)]− Ep∼X (θ) [v(p)]

≥g(θ′) [C(X (θ′))− C(X (θ))]

>g(θ) [C(X (θ′))− C(X (θ))]

⇐⇒ Ep∼X (θ′) [v(p)− g(θ)c(p)] > Ep∼X (θ) [v(p)− g(θ)c(p)]

The last strict inequality contradicts with the optimality of X (θ).

Assuming that the virtual type g(θ) is strictly increasing, for θ, θ′ ∈ Θ such that
θ < θ′, we only need to consider the case when g(θ) < g(θ′). The same proof follows.

Example 1. (With 3 states, the optimal allocation rule is not Blackwell-monotone)
Suppose that the state space is Ω = {ω1, ω2, ω3}. The principal has a decision problem
D = (A, u, p0) defined as follows: The action space is A = {a1, a2, a3}. The utility
function u(a, ω) is described using the following matrix.5 The prior belief is p0 =
(1
3
, 1
3
, 1
3
), shared with the researcher.

ω1 ω2 ω3

a1 4 9 2
a2 3 5 7
a3 8 1 6

Let the information cost be the squared Euclidean distance between p and p0.
6

The quadratic function c is continuous and strictly convex in p.

c(p) =

(
p (ω1)−

1

3

)2

+

(
p (ω2)−

1

3

)2

+

(
p (ω3)−

1

3

)2

Assume that the researcher’s type space be Θ = {θ1, θ2}, where θ1 > θ2. Specifi-
cally, consider θ1 = 1.2 and θ2 = 1. Assume that f(1.2) = 2

3
and f(1) = 1

3
.

5As a fun fact, this matrix appeared in some ancient Chinese literature. It is a magic square
where every row, column and each of the diagonals add up to the same total.

6Lipnowski, Mathevet & Wei (2020) studies optimal attention management using this specifica-
tion and interprets it as the attention cost of processing available data.
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We want to solve the optimal allocation rule X ∗ by considering type-specific prob-
lems in (5). Note that types can affect the problem only through the virtual type
g. In this example, virtual type g can be calculated as g(θ1) = 1 and g(θ2) =
1.2 + 3/2 ∗ (1.2− 1) = 1.5. We write the value function given belief p as

v(p) = max{4p(ω1) + 9p(ω2) + 2p(ω3),

3p(ω1) + 5p(ω2) + 7p(ω3),

8p(ω1) + p(ω2) + 6p(ω3)}.

Type-specific problems in (5) can be solved using the concavification approach
in Aumann & Maschler (1995) and Kamenica & Gentzkow (2011). Note that con-
cavification of a general function in a high dimensional space is extremely difficult
(Tardella, 2004). Here, conditional on action a being chosen, v(p) is affine and thus
v(p) − g(θ)c(p) is strictly concave over the corresponding region (a convex subset of
the simplex). We conjecture that there exists an optimal information structure that
has three affinely independent posteriors in the support and then provide a numerical
approximate of the solution. The optimal allocation rule X ∗ is shown as below (The
numerical method we use, and some verifications can be found in Appendix B):

1. X ∗(θ1) puts probabilities 0.58, 0.33 and 0.09 respectively on

S1 = {(0.5770, 1.2e− 05, 0.4230),

(1.22e− 04, 0.9998, 8.1e− 05),

(2.10e− 04, 7.80e− 04, 0.9990)}.

2. X ∗(θ2) puts probabilities 0.49, 0.33 and 0.18 respectively on

S2 = {(0.6799, 3.5e− 05, 0.3200),

(5.13e− 04, 0.9993, 1.99e− 04),

(3.87e− 04, 0.0170, 0.9827)}.

Note that with a finite type space, for τ , τ ′ ∈ X, τ ′ ≿Blackwell τ only if supp(τ) ⊆
conv(supp(τ ′)). From Figure 1, for X ∗ to be Blackwell-monotone, every vertex of
the thick-lined triangle should lie inside the dashed-lined triangle. However, we find a
vertex of the thick-lined triangle close to the top corner of the simplex that is not inside
the dashed-lined triangle. Formally, there exists q = (2.10e − 04, 7.80e − 04, 0.9990)
such that q ∈ S1 but q ̸∈ conv(S2), which means X ∗(θ2) is not Blackwell more
informative than X ∗(θ1). Therefore, X ∗ does not satisfy Blackwell monotonicity.

4 Results-based Contracting

In this section, we want to relate the maximum value of results-based contracting (2)
to the value of methods-based contracting (1). By the revelation principle, we argue
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Figure 1: The optimal allocation rule X ∗ is not Blackwell-monotone (The vertices
of the thick-lined triangle represent posteriors in S1 for the less efficient type θ1; the
vertices of the dashed-lined triangle are posteriors in S2 for the more efficient type
θ2. In this example, we find S1 ̸⊆ conv(S2).)
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that the optimal methods-based contract (X ∗, T ∗) gives an upper bound on how well
any results-based contracts can do. Suppose there exists a pair of (X , t) that solves
the principal’s problem when only the realized posterior is contractible. We can form
a methods-based contract (X , T ) by letting T (θ) = Ep∼X (θ) [t(p)]. Note that (X , T )
is IC and IR by the feasibility of (X , t), and (X , T ) attains the same payoff as (X , t)
does for the principal.

Furthermore, the upper bound is tight, if and only if some X ∗ is implementable
by a results-based contract that achieves payment rule T ∗. While the “if” part is
easy to understand, the “only if” part holds because T ∗ is the only payment rule
that achieves the lowest expected payment among all T such that (X ∗, T ) is IC and
IR. Next, our focus is to characterize a condition on the allocation rule, for which
results-based contracting can be as good as methods-based contracting.

For technical convenience, we assume that each X ∗ (θ) has affinely independent
support and further impose a full dimensionality assumption in the following anal-
ysis. Recall that restricting our attention on information structures with affinely
independent support is without loss of generality. However, the full dimensionality
assumption is critical, which will be discussed later in the next section.

Assumption 1 (Full dimensionality). Let Sk be the the support of X ∗(θk). Assume
that |Sk| = |Ω|, ∀k ∈ {1, 2, . . . , N}.

Under this assumption, we are able to simplify incentive constraints into a more
tractable form. The following lemma introduces a modified secant hyperplane condi-
tion similar to Proposition 2 in Yoder (2021). Before introducing the lemma, we
need to make some definitions. Under full dimensionality, Sk is a basis for the
affine subspace that contains ∆(Ω). For any posterior in the simplex, there is a
unique way to represent it as an affine combination of the elements in Sk. Write
Sk = {pk1, pk2, . . . , pk|Ω|}. Formally, ∀p ∈ ∆(Ω), ∃ unique (αk

1, α
k
2, . . . , α

k
|Ω|) such that

p =
∑|Ω|

i=1 α
k
i p

k
i and

∑|Ω|
i=1 α

k
i = 1. Let uk,t : p 7→ t(p) − θkc(p) denote the type-θk

researcher’s payoff when holding belief p and define sk,t(p) =
∑|Ω|

i=1 α
k
i

[
uk,t(p

k
i )
]
. Note

that sk,t is the affine hyperplane uniquely determined by |Ω| points from {(p, uk,t (p)) |
p ∈ Sk}. By definition, sk,t is equal to uk,t at every p ∈ Sk.

Lemma 2. A pair of (X ∗, t) satisfies the incentive constraints if and only if it satisfies
a secant hyperplane condition:

sk,t(p) ≥ uk,t(p) ∀p ∈ ∆(Ω) and ∀k ∈ {1, 2, . . . , N} (6)

If (X ∗, t) satisfies incentive constraints, then sk,t is a pointwise upper bound for
uk,t over ∆(Ω), otherwise we can construct a Bayes-plausible information structure
that is strictly better than X ∗(θk) for the type-θk researcher given t. Under full
dimensionality, finding one posterior that reverses the inequality would guarantee a
profitable deviation. Conversely, if sk,t bounds uk,t from the above, it’s easy to verify
that X ∗(θk) is weakly better than any other Bayes-plausible information structure
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for the type-θk researcher. The secant hyperplane condition in Lemma 2 allows us
to check possible deviations of the researcher by focusing on posteriors instead of
information structures, so we have a more tractable way to determine whether results-
based t combined with X ∗ satisfies the incentive constraints.
Before talking about the main results, we want to define strong c-monotonicity,

a new property of allocation rules and compare it to c-monotonicity and Blackwell
monotonicity. For all k ∈ {1, 2, . . . , N − 1}, we define Hk to be the affine hyperplane
uniquely determined by points from {(p, c (p)) |p ∈ Sk}. Recall that we denote the

normalized barycentric coordinates of p over Sk as αk
i . Thus, Hk(p) =

∑|Ω|
i=1 α

k
i c(p

k
i ).

Definition 4. Consider Θ = {θ1, . . . , θN}, where θ1 > θ2 > . . . > θN > 0. Let
X ∗ : Θ → X be an allocation rule.

X ∗ is strongly c-monotone, if the following holds for all i, j ∈ {1, 2, . . . , N} such
that i < j.

c(p) ≤
j−1∑
k=i

θk − θk+1

θi − θj
Hk(p), ∀p ∈ Si and c(p) ≥

j−1∑
k=i

θk − θk+1

θi − θj
Hk(p), ∀p ∈ Sj (7)

The reasons for calling it strong c-monotonicity are: firstly, it relies on the cost func-
tion c; secondly, as we will show later, strong c-monotonicity implies c-monotonicity,
but not vice versa. Because condition (7) involves an average of different affine func-
tions using weights determined by the distance between types, it’s not very easy to
check. In the following proposition, we introduce two conditions that are closely
related to condition (7) but don’t depend on possible types.

Proposition 1.

1. A sufficient condition for strong c-monotonicity is for all k ∈ {1, 2, . . . , N − 1},

c(p) ≤ Hk(p), ∀p ∈ ∪i<kSi and c(p) ≥ Hk(p), ∀p ∈ ∪i>kSi. (8)

2. Put S0 = ∅. A necessary condition for strong c-monotonicity is for all k ∈
{1, 2, . . . , N − 1},

c(p) ≤ Hk(p), ∀p ∈ Sk−1 and c(p) ≥ Hk(p), ∀p ∈ Sk+1. (9)

We leave the proof of this proposition to Appendix A. To interpret, the idea be-
hind these two conditions can be described as X has a nested structure with re-
spect to c. For k ∈ {1, 2, . . . , N − 1}, we can identify two sets in the simplex:
Uk = {p ∈ ∆(Ω)|c(p) ≥ Hk(p)} and Dk = {p ∈ ∆(Ω)|c(p) ≤ Hk(p)}. Geometrically,
Dk is a convex set that inscribes the convex hull of Sk and Uk is the closure of Dk’s
complement. By definition, we have Sk ⊆ Dk ∩ Uk. Condition (8) means for any
i < k, Si ⊆ Dk and for any i > k, Si ⊆ Uk; while condition (9) only has the nested
requirement for adjacent types, meaning Sk−1 ⊆ Dk and Sk+1 ⊆ Uk. Note that we
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only need N − 1 affine hyperplanes Hk here.7 The sufficient condition consists of
(N − 1)2 inequalities, while the necessary condition only has 2(N − 1) − 1. As a
special case when N = 2, they have the same content thus both are equivalent to
strong c-monotonicity. Proposition 1 provides a tractable way to determine whether
an allocation rule is strongly c-monotone, which will be applied in analyzing exam-
ples with three states. Moreover, it helps us relate strong c-monotonicity with other
monotonicity concepts.

Applying Proposition 1 to visualize the inequalities in the simplex, it’s easy to
verify that the optimal allocation rule in Example 1 is not strongly c-monotone.

Example 1. (Continued: The optimal allocation rule is not strongly monotone.)
With two types, condition (8), (9) and strong c-monotonicity are equivalent. We

only need to check whether S2 ⊆ U1. As shown in the Figure 2, we find q = (3.87e−
04, 0.0170, 0.9827) such that q ∈ S2 but q /∈ U1, so S2 ̸⊆ U1.

-��� -��� -��� ��� ��� ��� ���

-���

-���

���

���

���

���

���

Figure 2: The optimal allocation rule is not strongly c-monotone (The vertices of
the thick-lined triangle represent posteriors in S1 for the less efficient type θ1; the
vertices of the dashed-lined triangle are posteriors in S2 for the more efficient type θ2.
The light grey area represents set D1; the dark grey area represents set U1. In this
example, we find S2 ̸⊆ U1. )

7We may define a partial order on X and rewrite condition (8) and (9) in terms of the order.
But we have to treat the most efficient type θN separately, because we don’t need c(p) ≤ HN (p) for
p ∈ Si such that i < N .
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Proposition 2.

1. Strong c-monotonicity implies c-monotonicity; the converse is not true.

2. With |Ω| = 2, Blackwell monotonicity is equivalent to strong c-monotonicity;
with |Ω| > 2, Blackwell monotonicity doesn’t imply strong c-monotonicity and
strong c-monotonicity doesn’t imply Blackwell monotonicity.

Proposition 2 summarizes the relationship of strong c-monotonicity to c-monotonicity
and Blackwell monotonicity. The proof of Proposition 2 is left in Appendix A.

Yoder (2021) shows that with |Ω| = 2, the optimal allocation rule X ∗ must be
Blackwell-monotone and it’s implementable by a results-based contract that achieves
payment rule T ∗. Followed by a result of comparative statics, Blackwell monotonic-
ity is also necessary for any allocation rule to be implementable by a results-based
contract. With |Ω| > 2, we find an example where the optimal allocation rule is not
Blackwell-monotone. Does that mean we cannot find a results-based contract that
is as good as the optimal methods-based contract? Is Blackwell monotonicity suffi-
cient for the existence of such results-based contract? The next result answers these
questions.

Theorem 1. Allocation rule X ∗ is implementable by a results-based contract that
achieves payment rule T ∗ if and only if X ∗ is strongly c-monotone.

To show the “if” part, we start from a strongly c-monotone X ∗, and construct a
results-based contract t∗ such that (X ∗, t∗) satisfies incentive constraints and achieves
the payment rule T ∗. We show that the principal can set the payment to be a
constant t for any posterior that doesn’t appear in X ∗—if t is low enough, then
the researcher won’t have incentive to include these posteriors in his information
structure. Therefore, the principal can focus on incentivizing the researcher on a
finite set of posteriors. This construction guarantees t∗ to be upper semicontinuous
and extends Yoder’s (2021) recursive method to the setting with |Ω| > 2. To prove
the “only if” part, we show that for a results-based contract t that satisfies the
secant hyperplane condition in Lemma 2 and achieves T ∗, the difference between two
adjacent hyperplanes sk+1,t − sk,t does not depend on t, ∀k ∈ {1, 2, . . . , N − 1}. We
can rewrite the secant hyperplane condition only in terms of model primitives Θ and
c to derive strong c-monotonicity.

Proof of Theorem 1.
( ⇐= ) is proved by construction.
Define a results-based contract t∗ : ∆(Ω) → R as follows.

t∗(p) =


θ1c(p) for p ∈ S1

θic(p) +
∑i−1

k=1(θk − θk+1)Hk(p) for p ∈ Si and i ∈ {2, 3, . . . , N}
t otherwise

(10)

14



Note that for k ∈ {1, 2, . . . , N}, sk,t∗ by definition is continuous and doesn’t depend
on t. Set t = minq∈∆(Ω)mink∈N,1≤k≤N{sk,t∗(q) − θkc(q)}. Because the minimum of a
finite number of continuous functions is continuous, t is well-defined.
Verifications of (i) X ∗ is implementable by t∗ and (ii) t∗ achieves T ∗ are left to

Appendix A.

( =⇒ ) Suppose that there exists a results-based contract t such that X ∗ is imple-
mentable by t and t achieves T ∗.

Claim 1.

sk+1,t(p)− sk,t(p) = (θk − θk+1)Hk(p),∀p ∈ ∆(Ω) and ∀k ∈ {1, 2, . . . , N − 1} (11)

Proof of Claim 1. By assumption that t attains payment rule T ∗, we have EX ∗(θ)[t(p)] =
T ∗(θ), ∀θ ∈ Θ. Because T ∗ is given by (3) and (4), we have for k ∈ {1, 2, . . . , N − 1},

EX ∗(θk+1)[t(p)] = EX ∗(θk)[t(p)]− θk+1EX ∗(θk)[c(p)] + θk+1EX ∗(θk+1)[c(p)]

To interpret, it means that type-θk+1 researcher is indifferent between choosing X ∗(θk+1)
and X ∗(θk).
By the way sk,t is defined, sk,t(p) = t(p) − θkc(p) at p ∈ Sk, ∀k ∈ {1, 2, . . . , N}.

Therefore EX ∗(θk+1)[t(p)] = EX ∗(θk+1)[sk+1,t(p)]+θk+1EX ∗(θk+1)[c(p)] and EX ∗(θk)[t(p)] =
EX ∗(θk)[sk,t(p)] + θkEX ∗(θk)[c(p)]. Plugging these back and simplifying, we get

EX ∗(θk+1)[sk+1,t(p)] = EX ∗(θk)[sk,t(p)] + θkEX ∗(θk)[c(p)]− θk+1EX ∗(θk)[c(p)]

By sk+1,t being affine and EX ∗(θk+1)[p] = EX ∗(θk)[p] = p0, we have EX ∗(θk+1)[sk+1,t(p)] =
EX ∗(θk)[sk+1,t(p)]. Therefore, we can write

EX ∗(θk)[sk+1,t(p)− sk,t(p)] = EX ∗(θk)[(θk − θk+1) c(p)]

We have shown that sk+1,t(p) − sk,t(p) is equal to (θk − θk+1) c(p) in expectation
with respect to X ∗(θk). Next, we will show that they must be equal at p ∈ Sk,
followed by incentive constraints.

sk+1,t(p)− sk,t(p) = (θk − θk+1) c(p),∀p ∈ Sk

To interpret, it means sk+1,t(p) = uk+1,t(p), ∀p ∈ Sk, so type-θk+1 researcher is
indifferent between choosing posteriors from Sk+1 and from Sk.

We prove this by contradiction. Suppose that it is not true. There exists some
q ∈ Sk such that sk+1,t(q)− sk,t(q) < (θk − θk+1) c(q). Because sk,t(p) = t(p)− θkc(p),
∀p ∈ Sk, we can write the inequality sk+1,t(q)− [t(q)− θkc(q)] < (θk − θk+1) c(q) ⇐⇒
sk+1,t(q) < uk+1,t(q), which contradicts the incentive constraint for type-θk+1 re-
searcher in (6).
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Further by sk+1,t(p) being affine, it is also determined by |Ω| points in {(p, uk+1,t(p)) |
p ∈ Sk}, so sk+1,t(p) =

∑|Ω|
i=1 α

k
i

[
uk+1,t(p

k
i )
]
. By definition, sk,t(p) =

∑|Ω|
i=1 α

k
i

[
uk,t(p

k
i )
]
.

Because uk+1,t(p)− uk,t(p) = [t(p)− θk+1c(p)]− [t(p)− θkc(p)] = (θk − θk+1) c(p),

sk+1,t(p)− sk,t(p) = (θk − θk+1)

|Ω|∑
i=1

αk
i

[
c(pki )

]
= (θk − θk+1)Hk(p)

which holds for all p ∈ ∆(Ω).

We want to rewrite the secant hyperplane condition (6) using (11) in the claim.
Firstly, let’s consider the type-θj researcher doesn’t have incentive to choose pos-

teriors from Si:

sj,t(p) ≥ uj,t(p) := t(p)− θjc(p),∀p ∈ Si

By definition, si,t(p) = t(p)− θic(p), ∀p ∈ Si. We can substitute t(p) = si,t(p)+ θic(p)
into the above inequality and get sj,t(p) − si,t(p) ≥ (θi − θj) c(p), ∀p ∈ Si. Then we
express sj,t(p) − si,t(p) =

∑j−1
k=i [sk+1,t(p)− sk,t(p)] as the sum of differences between

adjacent types and use (11) to rewrite each term. Because θi − θj > 0, dividing it on
both sides doesn’t change the sign of the inequality.

j−1∑
k=i

θk − θk+1

θi − θj
Hk(p) ≥ c(p),∀p ∈ Si

Secondly, consider the type-θi researcher doesn’t have incentive to choose posteriors
from Sj:

si,t(p) ≥ t(p)− θic(p),∀p ∈ Sj

We can plug in t(p) = sj,t(p) + θjc(p) and write it as (θi − θj) c(p) ≥ sj,t(p)− si,t(p),
∀p ∈ Sj. Similarly, we get

c(p) ≥
j−1∑
k=i

θk − θk+1

θi − θj
Hk(p),∀p ∈ Sj

Theorem 1 shows that under full dimensionality, strong c-monotonicity is a char-
acterization for allocation rule X ∗ to be implementable by a results-based contract
that achieves T ∗. As shown in Example 1, the allocation rule that solves the prin-
cipal’s problem under methods-based contracting is not strongly c-monotone, so we
cannot say results-based contracting is always as good as methods-based contracting.
Combined with Proposition 2, we can state Yoder’s (2021) result with |Ω| = 2 as a
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corollary of Theorem 1. With |Ω| > 2, Blackwell monotonicity is not sufficient for
results-based contracting being as good as methods-based contract. Moreover, our
results in Proposition 1 provide tractable tools to visualize and determine whether
an optimal allocation rule is strongly c-monotone.

Corollary 1. With |Ω| = 2, X ∗ is implementable by a results-based contract that
achieves T ∗ if and only if X ∗ is Blackwell-monotone.

5 Discussion

5.1 Relation to classic contracting problems

This paper focuses on a principal’s contracting problem for acquiring information via
an agent (the researcher). The researcher has private information about the cost of
acquiring information before the principal makes a contract offer. The main difference
compared to classic contracting problems is that the object being traded or allocated
is information about an unknown state. The researcher will design an information
structure, which is modeled as a distribution over posteriors whose expectation is
equal to the prior.

When the principal can choose any contracts, many standard techniques still apply,
and similar results hold. In the current setting, the researcher’s payoff is assumed
linear in type. It shows that an allocation rule is implementable if and only if the
allocation rule is increasing (according to the concept of c-monotonicity). By our
Lemma 1, it’s without loss to ignore the c-monotonicity constraint when virtual type
is increasing. To summarize, the optimal contract features: (1) More efficient type
chooses efficient allocation; (2) Every type is indifferent between own contract and
that of the type immediately less efficient; (3) All types but the least efficient get
informational rent. This result is in line with insights from Maskin & Riley (1984).

Under methods-based contracting, it’s possible to consider a continuum of types
and generalize the way type enters the researcher’s payoff. For example, we can ap-
ply envelope theorems in Milgrom and Segal (2002) and Sinander (2021) to solve the
principal’s contracting problem in more general settings. The reason for restricting
our attention to a finite type space is to facilitate our analysis under results-based
contracting. A principal often doesn’t observe the entire research process and may
not distinguish different methods from an ex-post result. This feature in informa-
tion acquisition pushes us to think about a more stringent contractibility assumption
that limits the principal’s ability to write contract. When only the realized result is
verifiable and contractible, the principal needs to incentivize the researcher by tying
payment to possible results. Given a results-based contract and type, the incentive
constraint for each researcher involves a Bayesian persuasion problem. In general,
Bayesian persuasion problems are difficult to solve and often approached by the con-
cavification approach or linear programming. Instead of fully solving the principal’s
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problem under results-based contracting, we focus on the connection between it and
methods-based contracting. The main results under results-based contracting have
nice geometric interpretations that require us to compare the set of posteriors across
different types— it’s easy to proceed with a finite number of possible types.

5.2 Restriction to full dimensionality

Here’re some remarks on the full dimensionality assumption in our analysis under
results-based contracting. Suppose that every X ∗(θ) has |Ω| affinely independent
posteriors. Then for each θ, Sθ is a basis of the affine space that contains ∆(Ω).
In Lemma 2, we can rewrite the set of incentive constraints as a secant hyperplane
condition. Under full dimensionality, the secant hyperplane is uniquely pinned down
and provides a pointwise upper bound for the researcher’s payoff over the whole
simplex. It turns out that the secant hyperplane condition can be written only in
terms of model primitives, so we define strong c-monotonicity and naturally extend
Yoder’s (2021) analysis to settings with more than two states.

As mentioned before, it is without loss of generality to restrict our attention to
X ∗, where every X ∗(θ) has affinely independent support. The full dimensional-
ity assumption is restrictive, because it excludes the optimal allocation rule with
some information structure that has strictly less than |Ω| posteriors. It’s less of
an issue in the setting with two states, because the information structure involves
either one posterior (fully uninformative) or two posteriors. In general, for an in-
formation structure τ ∗ to be optimal, there must exist some θ ∈ Θ, such that
τ ∗ ∈ argmaxτ∈X Ep∼τ [v(p)− g(θ)c(p)]. Note that we need to solve the concavifi-
cation of function p 7→ v(p)− g(θ)c(p), which is a difference of convex functions. The
number of posteriors in the support of τ ∗ will depend on the virtual type and the
shape of v and c. For full dimensionality to be true, at least we need more than |Ω|
actions and different actions are optimal at different states. In Example 1, we find
that the number of posteriors in each information structure is equal to three, the
number of states. It is probably hard to find a simple sufficient condition to guaran-
tee full dimensionality, but there are some papers that may be helpful. For instance,
Caplin, Dean & Leahy (2019) proposes a “market entry test” to determine whether
a new posterior should be added, although their focus is on Shannon entropy cost.
Aybas & Turkel (2021) studies how to solve Bayesian persuasion problems when the
number of signals is constrained.

5.3 Relation to a general result in Yoder (2021)

Yoder (2021, Proposition 4) provides a necessary condition for the optimal allocation
rule that holds with more than two states. To interpret, all of the results produced
by a more efficient researcher must be at least as extreme as any result produced by a
less efficient researcher. It is also necessary for an allocation rule to be implemented
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by a result-based contract.

Sj ∩ conv (Si) ⊆ ext (conv (Si)) ,∀i < j (12)

where ext (conv (Si)) represents the set of extreme points of conv (Si).
The proof of this result in Yoder (2021) relies on a comparative statics argument

that doesn’t require affine independent support or full dimensionality. Under our
assumptions that each X ∗(θ) has affinely independent support and X ∗ satisfies full
dimensionality, we compare condition (12) and strong c-monotonicity in the next
proposition. It shows that strong c-monotonicity is strictly stronger than condition
(12).

Proposition 3. Strong c-monotonicity implies (12); while the converse is not true.

Proof. By strong c-monotonicity, Sj ⊆ Ui, so (Sj ∩ conv(Si)) ⊆ (Ui ∩ conv(Si)) =
Si = ext (conv (Si)). Conversely, the optimal allocation rule in Example 1 satisfies
condition (12) but is not strongly c-monotone.
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A Proofs Omitted from Main Text

Proof of Lemma 2.

( =⇒ ) We will prove this direction by contradiction. Suppose that secant hyperplane
condition (6) is not true. There must exist p ∈ ∆(Ω) such that sθ,t(p) <
t(p) − θc(p) for some θ. We want to show that replacing a posterior in Sθ

by p can form a Bayes-plausible information structure τ . Further, choosing τ
achieves strictly better payoff than choosing X ∗(θ) for the type-θ researcher.

Denote |Ω| = n. Under full dimensionality, |Sθ| = n. Write Sθ = {p1, p2, . . . , pn}.
By the Bayes plausibility of X ∗(θ), we can write p0 =

∑n
l=1 λlpl, where λl are

strictly positive and sum up to 1.

The set of vectors p− p1 and pl − p1 for l = 2, . . . , n is a set of n vectors lying
on an affine hyperplane in Rn, so it is a linearly dependent set. We can find
scalars µl, l = 1, 2, . . . , n not all zero, such that

µ1(p− p1) +
n∑

l=2

µl(pl − p1) = 0 (13)

Because Sθ is affinely independent, the set of vectors pl − p1 for l = 2, . . . , n
is linearly independent. This implies that µ1 ̸= 0. By defining γ1 =

∑n
l=1

µl

µ1

and γl = − µl

µ1
for l = 2, . . . , n, we can rewrite (13) as p =

∑n
l=1 γlpl, where∑n

l=1 γl = 1. Because γl sum up to one, at least one is strictly positive.

Denote j ∈ argmin{λl

γl
| γl > 0}. Because γj > 0, pj can be written as an affine

combination using p and other pl. Thus, pj =
1
γj

(
p−

∑
l ̸=j γlpl

)
. Plugging it

in p0 =
∑n

l=1 λlpl, we get

p0 =
λj

γj
p+

∑
l ̸=j

(
λl −

γl
γj
λj

)
pl

Set τ(p) =
λj

γj
and τ(pl) = λl − γl

γj
λj for all l ̸= j. It’s easy to verify that τ

is a well-defined information structure, that is to say, all probabilities are non-
negative and sum up to 1. By γj > 0, τ(p) > 0; for all l such that γl < 0,

τ(pl) > 0; for all l ̸= j such that γl > 0, λl

γl
≥ λj

γj
, so τ(pl) ≥ 0. Summing them

up, we have
1−

∑
l̸=j γl

γj
λj +

∑
l ̸=j λl = 1. By construction, the expectation of τ is

equal to the prior p0.
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Ep∼τ [t(p)− θc(p)] =
∑
l ̸=j

τ(pl) [t(pl)− θc(pl)] + τ(p) [t(p)− θc(p)]

=
∑
l ̸=j

τ(pl)sθ,t(pl) + τ(p) [t(p)− θc(p)]

>
∑
l ̸=j

τ(pl)sθ,t(pl) + τ(p)sθ,t(p)

= Ep∼τ [sθ,t(p)]

= Ep∼X ∗(θ) [sθ,t(p)]

= Ep∼X ∗(θ) [t(p)− θc(p)]

which contradicts with the optimality of X (θ) for the type-θ researcher.

The inequality holds by assumption. The second and fifth equalities follow by
the definition of sθ,t that t(p)−θc(p) = sθ,t(p) for all p ∈ Sθ. The fourth equality
holds because sθ,t(p) is affine in p and both τ and X (θ) are in ∆(∆(Ω)) with
Eτ [p] = EX (θ) [p] = p0.

( ⇐= ) Fix θ and take any Bayes-plausible information structure τ . The researcher’s
payoff is bounded from the above by sθ,t(p0), because

sθ,t(p0) = sθ,t(Ep∼τ [p]) = Eτ [sθ(p)] ≥ Ep∼τ [t(p)− θc(p)] .

X ∗(θ) attains the payoff sθ,t(p0), so it’s optimal for the type-θ researcher.

Proof of Proposition 1.

1. Consider i, j ∈ {1, 2, . . . , N} and i < j. Suppose p ∈ Si. By definition of Hi, we
have c(p) ≤ Hi(p). By condition (8), for k ∈ {i + 1, i + 2, . . . , j − 1}, we have
c(p) ≤ Hk(p). Because θ1 > θ2 > . . . > θN > 0, for k ∈ {i, i + 1, . . . , j − 1},
θk−θk+1

θi−θj
is positive. Multiplying it on both sides of the inequality and summing

up over k, we obtain the inequality c(p) ≤
∑j−1

k=i
θk−θk+1

θi−θj
Hk(p). The proof of the

other inequality needed for p ∈ Sj is very similar.

2. Consider k ∈ {1, 2, . . . , N − 1}. Set i = k and j = k + 1. By strong c-
monotonicity, c(p) ≥ Hk(p), ∀p ∈ Sk+1. Next, for k > 1, set i = k − 1 and

j = k+1. By strong c-monotonicity, c(p) ≤ θk−1−θk
θk−1−θk+1

Hk−1(p)+
θk−θk+1

θk−1−θk+1
Hk(p),

∀p ∈ Sk−1. By definition of Hk−1, c(p) = Hk−1(p), ∀p ∈ Sk−1. Combining
them, we get c(p) ≤ Hk(p), ∀p ∈ Sk−1. For k = 1, because we put S0 = ∅,
c(p) ≤ Hk(p), ∀p ∈ Sk−1 holds vacuously.
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Proof of Proposition 2.

1. (1) We will prove that the necessary condition for strong c-monotonicity implies
c-monotonicity. Consider k ∈ {1, 2, . . . , N−1}. By condition (9), c(p) ≥ Hk(p),
∀p ∈ Sk+1. Taking expectation over p with respect to X ∗(θk+1), we get

Ep∼X ∗(θk+1)[c(p)] ≥ Ep∼X ∗(θk+1)[Hk(p)] = Hk(p0) = Ep∼X ∗(θk)[c(p)]. (14)

The first equality follows from Hk being affine and Ep∼X ∗(θk+1)[p] = p0. The
second equality holds by definition of Hk that Hk(p) = c(p), ∀p ∈ Sk and also
Ep∼X ∗(θk)[p] = p0. This completes the proof of X ∗ being c-monotone, because
inequality (14) holds ∀k ∈ {1, 2, . . . , N − 1}.
(2) To prove the converse is not true, an example will suffice.

• For |Ω| = 2, we claim that strong c-monotonicity implies Blackwell mono-
tonicity (See the proof of 2 (i) below). An allocation rule that involves Black-
well incomparable information structures can be c-monotone but not strongly
c-monotone.

• For |Ω| > 2, we show in Example 1 that the optimal allocation rule violates
strong c-monotonicity. In this example, the virtual type is strictly increasing,
so X ∗ is c-monotone by Lemma 1.

2. As preparation, we state a geometric version of Blackwell’s theorem in Wu
(2018, Theorem 5). For τ , τ ′ ∈ X and τ ′ has affinely independent support,
τ ′ ≿Blackwell τ if and only if supp(τ) ⊆ conv(supp(τ ′)).

Define Dk = {p ∈ ∆(Ω) | c(p) ≤ Hk(p)} and Uk = {p ∈ ∆(Ω) | c(p) ≥ Hk(p)}.
• For |Ω| = 2: First, consider Sk = {pk1, pk2}. Note that the convex hull of Sk is
a line-segment [pk1, p

k
2] = {λpk1 + (1− λ)pk2 | 0 ≤ λ ≤ 1} in R2.

Next, we want to show Dk = conv(Sk). By strict convexity of c, conv(Sk) ⊆ Dk.
We will prove Dk ⊆ conv(Sk) by contradiction. Now suppose q ∈ Dk but
q ̸∈ conv(Sk). With |Ω| = 2, we must be able to write one of the elements
pk1 ∈ Sk as a convex combination of the other element pk2 and q. Say that
pk1 = λpk2 + (1− λ)q for some λ ∈ (0, 1). We reach a contradiction

c(pk1) < λc(pk2) + (1− λ)c(q) ≤ λc(pk2) + (1− λ)Hk(q) = c(pk1)

where the strict inequality follows from the strict convexity of c, the weak
inequality is by q ∈ Dk, and the equality holds by the definition of affine function
Hk that Hk(p) = c(p) at every p ∈ Sk.

We will verify that (i) Blackwell monotonicity is implied by the necessary con-
dition for strong c-monotonicity and (ii) Blackwell monotonicity implies the
sufficient condition for strong c-monotonicity. Thus, all of these are equivalent.
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(i) By condition (9), Sk−1 ⊆ Dk = conv(Sk), ∀k ∈ {1, 2, . . . , N − 1}. It implies
Blackwell monotonicity, because the Blackwell order is transitive.

(ii) By Blackwell monotonicity, Sj ⊆ conv(Si), ∀i, j ∈ {1, 2, . . . , N} and j < i.
We get Si ⊆ conv(Sk) = Dk, ∀i < k. The rest of the proof is to show Si ⊆ Uk,
∀i > k. Suppose i > k. If q is not in Uk, that is to say c(q) < Hk(q), then
q ∈ Dk = conv(Sk) and q ̸∈ Sk. Because Sk ⊆ conv(Si), q is not in Si.

• For |Ω| > 2: It’s possible to find an example where the allocation rule is
strongly c-monotone but not Blackwell-monotone. Consider the same c as in
Example 1 and an allocation rule X as below:

(a) X (θ1) puts probabilities 4/11, 10/33 and 11/33 respectively on

S1 = {(3
5
, 0,

2

5
), (

7

30
,
11

15
,
1

30
), (

2

15
,
1

3
,
8

15
)}.

(b) X (θ2) puts probabilities 7/15, 4/15 and 4/15 respectively on

S2 = {(2
3
, 0,

1

3
), (

1

12
,
11

12
, 0), (0,

1

3
,
2

3
)}.

(c) X (θ3) is fully informative, i.e., puts probabilities 1/3 on each element from
S3 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}.

We plot the allocation rule and identify sets D1, D2, U1 and U2 in Figure 3. It is
easy to verify that allocation rule X is strongly c-monotone because the sufficient
condition (8) holds, and X is not Blackwell-monotone because S1 ̸⊆ conv(S2).
This shows that strong c-monotonicity doesn’t imply Blackwell monotonicity.
For the other direction, it is possible to find a Blackwell-monotone allocation
rule that violates strong c-monotonicity with a properly chosen function c, as
illustrated in Figure 4.

Remaining Proof of Theorem 1.

1. We want to show X ∗ is implementable by t∗, that is to say, (X ∗, t∗) satisfies the
secant hyperplane condition (6)in Lemma 2.

For all k ∈ {1, 2, . . . , N}, we construct affine hyperplane sk,t∗(p) using points in
{(p, uk,t∗(p)) | p ∈ Sk}. Therefore, we have

s1,t∗(p) = 0

sj,t∗(p) =

j−1∑
k=1

(θk − θk+1)Hk(p) and all j ∈ {2, 3, . . . , N}
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Figure 3: The allocation rule X is not Blackwell-monotone, but is strongly c-
monotone. (The vertices of the thick-lined triangle represent posteriors in S1 for
the less efficient type θ1; the vertices of the dashed-lined triangle are posteriors in S2

for the more efficient type θ2. We find S1 ̸⊆ conv(S2); S2 ∪ S3 ⊆ U1,S1 ⊆ D2, and
S3 ⊆ U2.)

Figure 4: Blackwell monotonicity may not imply strong c-monotonicity. (The ver-
tices of the thick-lined triangle represent posteriors in S1 for the less efficient type
θ1; the vertices of the dashed-lined triangle are posteriors in S2 for the more efficient
type θ2. We find S1 ⊆ conv(S2); S2 ̸⊆ U1.)
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We will separate cases to verify a set of inequalities hold ∀p ∈ ∆(Ω).

• Suppose p ̸∈ ∪N
k=1Sk. Because t

∗(p) = t = minq∈∆(Ω)mink∈N,1≤k≤N [sk,t∗(p) + θkc(p)] ≤
sk,t∗(p) + θkc(p), we get sk,t∗(p) ≥ uk,t∗(p) := t∗(p)− θkc(p), ∀k ∈ {1, 2, . . . , N}.
• Suppose p ∈ ∪N

k=1Sk.

s1,t∗(p)− u1,t∗(p)

=

{
0 for p ∈ S1

(θ1 − θj) c(p)−
∑j−1

k=1(θk − θk+1)Hk(p) for p ∈ Sj and j ≥ 2

By strong c-monotonicity, c(p) ≥
∑j−1

k=1
θk−θk+1

θ1−θj
Hk(p), ∀p ∈ Sj and ∀j ≥ 2. So

∀p ∈ ∪N
k=1Sk, we have s1,t∗(p) ≥ u1,t∗(p).

sj,t∗(p)− uj,t∗(p)

=


∑j−1

k=i(θk − θk+1)Hk(p)− (θi − θj) c(p) for p ∈ Si and all i s.t. 1 ≤ i < j − 1

0 for p ∈ Sj−1

0 for p ∈ Sj

(θj − θi) c(p)−
∑i−1

k=j(θk − θk+1)Hk(p) for p ∈ Si and all i > j

By definition of sj,t∗ , sj,t∗(p) = uj,t∗(p), ∀p ∈ Sj. By definition of Hj−1,
sj,t∗(p) − uj,t∗(p) = (θj − θj−1) [Hj−1(p)− c(p)] = 0, ∀p ∈ Sj−1. By strong
c-monotonicity,

∑j−1
k=i(θk − θk+1)Hk(p) − (θi − θj) c(p), ∀p ∈ Si and ∀i s.t.

1 ≤ i < j − 1; (θj − θi) c(p) −
∑i−1

k=j(θk − θk+1)Hk(p) and ∀i s.t. i > j − 1.

Therefore ∀p ∈ ∪N
k=1Sk, we have sj,t∗(p) ≥ uj,t∗(p), ∀j ≥ 2.

2. Next, we want to show that t∗ achieves payment rule T ∗.

For i = 1
Ep∼X ∗(θ1) [t

∗ (p)] = Ep∼X ∗(θ1) [θ1c(p)] = T ∗(θ1)

27



For i ≥ 2

Ep∼X ∗(θi) [t
∗ (p)] = Ep∼X ∗(θi)

[
θic(p) +

i−1∑
k=1

(θk − θk+1)Hk(p)

]

= θiEp∼X ∗(θi) [c(p)] +
i−1∑
k=1

(θk − θk+1)Ep∼X ∗(θi) [Hk(p)]

= θiEp∼X ∗(θi) [c(p)] +
i−1∑
k=1

(θk − θk+1)Ep∼X ∗(θk) [Hk(p)]

= θiEp∼X ∗(θi) [c(p)] +
i−1∑
k=1

(θk − θk+1)Ep∼X ∗(θk) [c(p)]

= T ∗(θi)

where the third equality holds because ∀k ∈ {1, 2, . . . , i − 1}, (i) Hk(p) is
affine and (ii) Ep∼X ∗(θi) [p] = Ep∼X ∗(θk) [p] = p0; the fourth equality follows
by the definition of Hk(p).

B Solving Optimal Allocation Rule in Example 1

For this example, after plotting the graph of the payoff given belief p, we conjecture
that the optimal information structure has 3 affinely independent posteriors. We
solve problem (5) numerically by searching over three posteriors x = (x1, x2, x3)

′,
y = (y1, y2, y3)

′, z = (z1, z2, z3)
′ and their probability weights τ = (τx, τy, τz)

′.

max
(x,y,z,τ)

τx[v(x)− g · c(x)] + τy[v(y)− g · c(y)] + τz[v(z)− g · c(z)]

s.t. x1, x2, x3, y1, y2, y3, z1, z2, z3, τx, τy, τz ∈ [0, 1]

x1 + x2 + x3 = 1, y1 + y2 + y3 = 1, z1 + z2 + z3 = 1, τx + τy + τz = 1

τxx1 + τyy1 + τzz1 = 1/3, τxx2 + τyy2 + τzz2 = 1/3, τxx3 + τyy3 + τzz3 = 1/3

The MATLAB code is attached as follows. Because the objective is not concave, it
is possible to stop at a local maximizer and the choice of initial point matters for the
output. We need to check whether the payoff function p 7→ v(p)− g(θ)c(p) coincides
with its concavification at three posteriors in the candidate solution. Figure 5 verifies
that our result in Example 1 is close to the optimal allocation rule, because the payoff
function is bounded by the supporting hyperplane from the above.
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1 % Consider v i r t u a l type g = 1 .5 and p r i o r p0 = [ 1 / 3 ; 1/3 ;
1 / 3 ] . Def ine the p r i n c i pa l ’ s payo f f g iven b e l i e f x

2 payo f f = @(x ) max ( [ [ 4 9 2 ]∗ x [ 3 5 7 ]∗ x [ 8 1 6 ]∗ x ] ) −1.5∗((x (1 )
−1/3)ˆ2+(x (2 ) −1/3)ˆ2+(x (3 ) −1/3) ˆ2)

3 % We w i l l s earch over 12 v a r i a b l e s (3 po s t e r i o r s , each
c on s i s t i n g o f 3 numbers and the p r o b a b i l i t i e s over
p o s t e r i o r s ) . Def ine the i n i t i a l va lue .

4 x= [ 1 ; 0 ; 0 ] ;
5 y= [ 0 ; 1 ; 0 ] ;
6 z= [ 0 ; 0 ; 1 ] ;
7 tau = [ 1/3 ; 1 / 3 ; 1 / 3 ] ;
8 P0 = [ x ; y ; z ; tau ] ;
9 % Def ine the p r i n c i pa l ’ s o b j e c t i v e in problem (M) . We put a

negat ive s i gn here because we are s o l v i n g maximization .
10 obj=@(P) −[ payo f f (P( 1 : 3 ) ) payo f f (P( 4 : 6 ) ) payo f f (P( 7 : 9 ) ) ]∗P

(10 : 1 2 )
11 % Nonl inear c on s t r a i n t s ( Bayes P l a u s i b i l i t y )
12 nonlcon = @bpcon ;
13 % Pr ob a b i l i t i e s are bounded above 0 and below 1
14 lb = [ 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ] ;
15 ub = [ 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ] ;
16 A= [ ] ;
17 b= [ ] ;
18 % Pr ob a b i l i t i e s sum up to 1
19 Aeq=[1 1 1 0 0 0 0 0 0 0 0 0 ; 0 0 0 1 1 1 0 0 0 0 0 0 ; 0 0 0

0 0 0 1 1 1 0 0 0 ; 0 0 0 0 0 0 0 0 0 1 1 1 ] ;
20 beq = [ 1 ; 1 ; 1 ; 1 ] ;
21 % Set t o l e r a n c e s f o r the opt imiza t i on
22 opt ions . StepTolerance = 1e−20;
23 opt ions . Opt imal i tyTolerance = 1e−20;
24 % Solve the p o s t e r i o r s and t h e i r p r obab i l i t y weights
25 P = fmincon ( obj , P0 ,A, b , Aeq , beq , lb , ub , nonlcon , opt ions ) ;
26 % Def ine non l i n ea r c on s t r a i n t s ( Bayes P l a u s i b i l i t y )
27 f unc t i on [ c , ceq ]=bpcon (P)
28 c= [ ]
29 ceq=[P(1) ∗P(10)+P(4) ∗P(11)+P(7) ∗P(12) −1/3;P(2 ) ∗P(10)+P(5) ∗P

(11)+P(8) ∗P(12) −1/3;P(3 ) ∗P(10)+P(6) ∗P(11)+P(9) ∗P(12) −1/3]
30 end
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(a) g=1
(b) g=1.5

Figure 5: Verifying the optimality of the candidate allocation rule (we can form
a hyperplane using the posteriors we solved and check if the hyperplane supports
v(p)− g(θ)c(p) from the above.)
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