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Abstract
I consider the strategic manipulation problem in multistage tournaments. In each
stage, players are sorted into groups in which they play pairwise matches against each
other. A ranking of players for each group is established according to the match results,
and higher ranked players qualify to the next stage. Players prefer qualifying to higher
stages. In this setting, a player may potentially profit by exerting zero effort in some
matches even when effort exertion is costless. Since such behavior manipulates the
tournament, it is desired that full effort exertion is an equilibrium and any equilibrium
ranking of qualifying players in each group is immune to manipulation, irrespective of
players’ strengths. To satisfy these conditions, I show that it is both necessary and
sufficient to allow only the top-ranked player from each group to qualify in every stage.
Thus, in a tournament with multiple qualifiers in some group, rankings of players can
become a noisy indicator of their strengths, while effort cost and heterogeneous prize
spread can be of little relevance to players’ effort choices.
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Introduction

Tournaments are commonly used as an incentive scheme to elicit costly effort from economic
agents.1 However, many tournament designs incentivize shirking behavior from players,
irrespective of any effort cost. Consider a simple example. Two players, a and b, play
against each other in stage 1 of a tournament. The winner plays against c while the loser
plays against d in stage 2. The winner of each match in stage 2 qualifies to be a final winner
of the tournament. Suppose that when each player plays to win, a always beats b and d,
but loses to c. Further, d always beats b and c when he plays to win, while b beats c.
Each player prefers qualifying to a higher stage. If they play to win throughout, then a is
eliminated in stage 2 and d is the final winner. However, a one-stage deviation by a to shirk
and lose against b in stage 1 manipulates the qualification process and makes him the final
winner at the expense of d, who is now eliminated in stage 2. Importantly, effort cost is
irrelevant in reaching the decision to shirk. A famous real-world example is the 2012 London
Olympics, where eight badminton players were disqualified for deliberately losing matches
to meet preferred opponents in the next round.
The goal of the present paper is to characterize the set of tournaments immune to such
manipulation. This is of interest for three reasons. First, the manipulation problem is in
general detrimental to the profitability of organizing a tournament and the reputation of
its organizers, and may arise in any economic setting with multistage competition. Second,
it is often against a designer’s incentive to simply disqualify any player who shirks in any
tournament. In particular, it is often the stronger players who profit by shirking, and they
shirk to secure their participations in later stages. The matches in later stages that feature
stronger players tend to generate larger revenues. Finally, the outcome of a tournament is
supposed to reflect the relative strengths of players. If the outcome is manipulated so that
a player fails to qualify in an earlier stage than some weaker player, the outcome becomes a
noisy indicator of the players’ strengths.
To set the stage, I develop a simple model that allows for an arbitrary design of a tournament. This contrasts with existing work in the contest design literature, which largely
studies the prize spread or assignment of opponents to players given a specific design. For
example, see Rosen (1986), Moldovanu and Sela (2001), Groh, Moldovanu, Sela, and Sunde
(2012) and Fu and Lu (2013). In particular, I build upon the traditional approach in the
mathematics literature by defining a tournament as a pair consisting of a set of players and
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a binary relation on the set which captures the relative strength between any two players.2
A designer then chooses a design for any given tournament, inducing a tournament game –
a multistage game with observable effort. Succinctly, in a tournament game, each stage is
defined as a partition of the set of active players, while each element in the partition is a
group of players, within which the players play pairwise matches against all others. The result of each match depends on the efforts exerted by the players and according to the match
results, a ranking of players is established for each group. Qualification of each player to a
higher stage depends on his rank in a group, subject to a quota. To illustrate, a round-robin
tournament game has one stage of active play, in which all players belong to the same group.
A single-elimination tournament game has a sequence of stage partitions, each of which contains a number of groups of two, with the winner in each group qualifying to the next stage.
The 2014 FIFA World Cup had eight groups of four teams from which two qualified in stage
1, and played as a single-elimination tournament beginning from stage 2.
More precisely, I characterize the set of incentive-compatible tournament games which
are tournament games with the following two properties, irrespective of players’ strengths.
First, to capture sequential rationality, full effort exertion is a subgame perfect equilibrium, so
that there exists at least one equilibrium with no manipulation. Second, the outcome under
each subgame perfect equilibrium must coincide with one of the outcomes prescribed by the
full-effort social choice correspondence, which maps the set of players, their relative strengths
and a given design to the set of possible outcomes under which the strongest players from
a group qualify and amongst these qualifying players a stronger player ranks higher. Put
simply, this protects the outcome from manipulation even when a deviation away from full
effort exertion to another equilibrium takes place. Plainly, the main result we are going to
prove is the follwing: Every incentive-compatible tournament game allows only the top-ranked
player from each group to qualify. In the proof, we shall see that in tournament games with
multiple qualifiers in some group, some player can often profit by shirking to qualify with
a lower rank. More precisely, in every tournament game with multiple qualifiers in some
group, there always exists an equilibrium with an outcome different from those prescribed
by the full-effort social choice correspondence.
This paper differs from related work by providing an analytical game-theoretic foundation
and allowing for an arbitrary design. For instance, Dagaev and Sonin (2013) borrows tools
from social choice theory to show that multiple qualifier systems, where players compete in
several local tournaments to qualify to international tournaments, are manipulable. On the
other hand, Pauly (2014) uses a computer-assisted proof to show that the designs of the
2012 Olympics Badminton and the 2014 FIFA World Cup give rise to manipulation.
2

For example, see Rubinstein (1980). Laslier (1997) provides an extensive survey.

2

2

Model

Let N be a finite set of players. A tournament is a pair (N, →), where → is a complete,
asymmetric and irreflexive binary relation on N , so that i → j if i is (relatively) stronger
than j. Given N , a designer fixes a design DN which induces a tournament as a multistage
game, referred to as a tournament game. A design consists of four components:
1. the number of stages and groups in each stage, as well as the size, a distinct label and
a qualification quota of each group;
2. a partition P 1 of the set N , where each element G ∈ P 1 is a group in stage 1;
3. a sorting rule f t for each stage t > 1 that sorts players qualifying from stage t − 1 into
groups in stage t;
4. a tie-breaker tie , which is a strict linear order on N .
The order → on N is known to the players and the designer only after the design is fixed.
A player is active before he is eliminated. In every stage t, each active player is sorted into
some group G. Within G, every player i plays a match against each opponent j, where each
costlessly chooses an effort level from [0, 1] against his opponent. The player who exerts a
higher effort wins the match. When both exert the same effort, then i wins if i → j. Let
wi (G) ≡ |{ι ∈ G : i wins against ι}| denote i’s number of wins in G. Define a ranking of
players G on G such that i G j, or i ranks higher than j in G, if wi (G) > wj (G), or if
wi (G) = wj (G) and i tie j. Also let wiF E (G) ≡ |{ι ∈ G : i → ι}| denote i’s number of wins
in G if all players exert the same effort (e.g., full effort, or effort 1).
The qG highest ranked players in G by G qualify from G to the next stage. Let |G| ≥ 2
and 1 ≤ qG ≤ |G| − 1, so that at least one player is eliminated and at least one qualifies
from each group. In the next stage, active players are sorted into groups by a sorting rule.
A sorting rule f t partitions the set of active players in stage t according to the label of the
groups they qualify from in stage t − 1 and their ranks in the groups, with the partition
denoted by P t such that each G ∈ P t is a group. The game ends when players from stage
T ≥ 1 qualify to stage T + 1, where no sorting of players and no match take place.
Efforts are observed at the end of each stage and there is perfect recall. Let H t be
the set of histories in the beginning of stage t, which contains a typical element h1 = ∅ or
ht = (a1 , . . . , at−1 ) for t ≥ 2, where ∅ denotes the null history and at is the vector of efforts
exerted by players in stage t. Let Ai (ht ) be player i’s set of feasible effort choices in stage
t when the history is ht . A pure strategy by i is a sequence of maps (sti )Tt=1 , where each
sti : H t → ∪ht ∈H t Ai (ht ), so that sti (ht ) ∈ Ai (ht ) for every ht . Each i chooses a strategy
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si = (sti )Tt=1 to maximize his payoff ui : H T +1 → {1, . . . , T + 1} defined by ui (si , s−i ) = t,
given the strategy s−i by all players except i, where t is the highest stage player i qualifies
to. Of particular interest is the profile s∗ , where players exert full effort throughout (i.e.,
after all histories).
An outcome of a tournament game is a collection O((N,→),DN ) = ((G, (G ))G∈P t )Tt=1 .
Given (N, →), define an outcome function g as s 7→ g(s) = O((N,→),DN ) for any s ∈ H T +1 . A
social choice correspondence (henceforth, SCC) F maps ((N, →), DN ) into a set of outcomes
O((N,→),DN ) ∈ F ((N, →), DN ). Let F F E be the full-effort SCC where F F E ((N, →), DN ) is
the set of outcomes such that in each stage t = 1, . . . , T , for two players i, j who qualify
and any player k who is eliminated from some group G ∈ P t , i G j G k if and only if
wiF E (G) ≥ wjF E (G) ≥ wkF E (G) and the tie-breaker i tie j tie k applies whenever equality
holds.
A pair (F, s) of a SCC F and a strategy s ∈ H T +1 is subgame perfect implementable if s
is a subgame perfect equilibrium (henceforth, SPE) and g(s0 ) ∈ F ((N, →), DN ) for any SPE
s0 ∈ H T +1 . There is at least one SPE because a tournament game is a finite game of perfect
information.
A tournament game is incentive-compatible (henceforth, IC) if (F F E , s∗ ) is subgame perfect implementable for every order → on N . Intuitively, the universal quantification is desirable because the relative strengths are unknown before a design is fixed. Examples 2 and 3
below show that the two requirements in the implementation of (F F E , s∗ ) are independent.
Remark 1. The fact that effort is costless and that players derive a unit marginal payoff
upon qualifying over each stage, albeit stylized, serves to emphasize that effort cost and
prize spread can be of little relevance to players’ effort choices when a tournament is not IC.
Moreover, pairwise matching stands in contrast to a more general assumption where multiple
players can possibly be matched simultaneously. For our purpose, pairwise matching delivers
an advantage by its clear application: a player often chooses a specific opponent against
whom he shirks, and pairwise matching allows us to capture such action.

3

Incentive-Compatible Tournament Games

In this section, we formally state the main theorem. Perhaps surprisingly, as far as IC
is concerned, all components in a design except the qualification quota in each group are
irrelevant.
Theorem 1. Fix a tournament (N, →). A tournament game induced by a design DN is IC
if and only if the design designates that qG = 1 for every group G in any stage t ≤ T .
4

Before proceeding to the proof, we study a few examples to illustrate the model and to
build intuition underlying the result.
Example 1 illustrates a design which, with multiple qualifiers allowed in some group,
induces a tournament game where s∗ fails to be a SPE. Denote by G[r] the rth ranked player
in a group G.
Example 1. Consider a tournament (N, →), where N = {a, b, c, d, e, f } and

b

c

e

a

d

f
.

The design DN is as follows. The first stage partition is P 1 = {A, B}, where A = {a, b, e}
and B = {c, d, f }, with qA = qB = 2. Then P 2 = {C, D}, where C = {A[1], B[2]} and
D = {A[2], B[1]}, with qC = qD = 1. The players C[1] and D[1] are the final winners.
Consider the outcome under s∗ . In stage 1, a A b A e and c B d B f . In stage
2, C = {a, d} and D = {b, c}, with d C a and c D b. The final winners are c and
d. If a unilaterally deviates to shirk against b in stage 1, then the ranking in A becomes
b A a A e, so that C = {b, d} and D = {a, c} in stage 2. Because a D c, a qualifies as a
final winner and profits from the deviation.
The key insight from the example is that we can always find a relation → on N such that
s fails to be a SPE whenever a player can “choose” which group to qualify to. Nonetheless,
this should not be confused with the statement that one can always find a relation → on N
such that s∗ fails to be a SPE whenever multiple qualifiers are allowed in some group. In
particular, Example 2 shows that the latter statement is false. Moreover, the example also
shows that while s∗ is a SPE, there exists another SPE s inducing an outcome g(s) that does
not agree with any outcome prescribed by the full-effort SCC.
∗

Example 2. Consider a tournament (N, →) where N = {a, b, c}, a → b, b → c and a → c.
The design DN is as follows. The first stage partition is P 1 = {A}, where A = {a, b, c} and
qA = 2. Then P 2 = {B}, where B = {A[1], A[2]} and qB = 1. B[1] is the final winner.
The outcome implemented by the SCC F F E is such that a A b A c; B = {a, b} and
a B b, implying that a is the final winner. It is easy to verify that s∗ is a SPE. Further,
consider a strategy profile s equivalent to s∗ except that a shirks against b in stage 1. Under
s, b A a A c. Then B = {a, b}, a B b and a is the final winner. Being the final winner, a
5

has no profitable deviation. Neither does b, because by shirking against a in either stage he
cannot change his payoff, and by shirking against c in stage 1, he can possibly be eliminated
a stage earlier, depending on the specified tie-breaker. Finally, it is clear that c has no
profitable deviation. Thus there exists a SPE s such that g(s) ∈
/ F F E ((N, →), DN ).
Conversely, Example 3 below illustrates a setting where g(s) ∈ F F E ((N, →), DN ) for any
SPE s, but s∗ is not a SPE in the tournament game. Together with Example 2, this shows
that the requirements of s∗ being a SPE and g(s) ∈ F F E ((N, →), DN ) for every SPE s are
independent.
Example 3. Consider a tournament (N, →), where N = {a, b, c, d, e, f, g} and
a
b

g

c

f
e

d

.

Let the design DN designate that P 1 = {A, B, C} where A = {a, b, c} with qA = 2, B =
{d, e} with qB = 1 and C = {f, g} with qC = 1. Then P 2 = {D, E}, where D = {A[1], B[1]}
and E = {A[2], C[1]}. The players D[1] and E[1] are the final winners. Finally, suppose
that the tie-breaker follows c tie b tie a tie d tie e tie f tie g. By construction of
→, by exerting full effort in group E, A[2] ultimately becomes a final winner, while A[1]
is eliminated from group D in stage 2 as long as B[1] exerts full effort. Moreover, in any
SPE, both a and b never rank the lowest in A and are eliminated, for a always qualifies
by exerting full effort in every match in A, while b always qualifies by exerting full effort
against c. So in equilibrium, either a A b A c or b A a A c. If the latter is true, then b
must have 2 wins, a has 1, and c has 0, by construction of tie . Thus a must have shirked
against b. But then b can be strictly better off by shirking against a and qualify as A[2],
contradicting subgame perfection. So it must be true that a A b A c, and a has 2 wins, b
has 1 and c has 0 by construction of tie . In particular, b must have shirked against a, for
otherwise a could shirk against him and profit by qualifying as A[2]. On the other hand, it
should be clear that the stronger player in each group B, C, D and E would exert full effort
in equilibrium. Thus g(s) ∈ F F E ((N, →), DN ) in any SPE s. But s∗ is clearly not a SPE in
the induced tournament game, for a would profit by unilaterally deviating to shirk against
b in A to qualify as A[2].
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Next, recall that F F E imposes a restriction on the rankings of qualifying players instead
of all players in each group. In particular, Example 4 shows that the latter requirement is so
restrictive that even a simple round-robin tournament is not subgame perfect implementable.
Example 4. Consider a tournament (N, →), where N = {a, b, c, d, e, f } and
a

b

c

f

e

d

.

The design is one of round-robin: P 1 = {G} where G = {a, b, c, d, e, f }, and G[1] is the
final winner. Consider a strategy profile s equivalent to s∗ except that a shirks against f in G.
The tie-breaker satisfies a tie b tie c tie d tie e tie f . It is straightforward to check that
s is a SPE. In particular, under s we have (wa , wb , wc , wd , we , wf ) = (4, 2, 2, 2, 2, 3), where
wi ≡ wi (G) for each player i. As a result, f ranks strictly above all other players except a
in G. Consider a social choice function F∗F E that requires that the ranking of all players, as
opposed to only the winner as does F F E , are equal to the ranking under full effort. Then
F∗F E designates that i G f for every i ∈ N \{f }, so g(s) ∈
/ F F E ((N, →), DN ). Intuitively,
because a is far stronger than his opponents in the group, he is indifferent between winning
all matches or winning all except losing to f . Losing to f , however, manipulates the ranking.
Finally, one key assumption underlying Theorem 1 is that the sorting rule in each stage
relies on the ranks of each qualified player instead of their numbers of wins in the previous
stage. Indeed, the latter measure provides an immediate medium for a player to manipulate
his standing and manipulating behavior may arise even when the qualification quota is one
in each group as shown Example 5 below.
Example 5. Fix some stage in an arbitrary tournament game. Suppose that if all players
exert full effort then player i ranks first with w wins in some group G the current stage,
qualifies to group A in the next stage and is eliminated. Suppose also that no other player
in G has more than w − 3 wins in the current stage, so i would still qualify if he lost one
match in G. Suppose that when i ranks first in G with w − 1 wins he qualifies to group B
in the next stage and then ranks first in B as long as he exerts full effort. Then exerting full
effort after all histories is not a SPE.
7

We are now ready to prove the theorem.
Proof of Theorem 1. Fix a tournament (N, →) and a design DN where qG = 1 for every
group G ∈ P t in every stage t ≤ T . Since every stage begins with a proper subgame, it
suffices to show that the restriction s∗ |ht of s∗ from the beginning of each stage t for each
history ht yields a Nash equilibrium in the induced tournament game. This trivially holds for
any final winner under s∗ . This is also true for a player j who is eliminated in some group G
in any stage t under s∗ |ht given any history ht ∈ H t , because any deviation sj |ht would see
him remain eliminated in stage t. By the same token, the player i who qualifies from G and
is eliminated in a stage t0 > t under s∗ has no profitable deviation from s∗i |ht0 given a history
0
ht . Moreover, any deviation by i from s∗i |ht in any stage τ = t, . . . , t0 − 1 is not profitable,
because by shirking, he may no longer rank first and is eliminated in stage τ , or he remains
qualifying with a first rank to the same group in stage τ + 1 and thus plays against the same
opponents in subsequent stages until his elimination in stage t0 . Thus s∗ is a SPE. To show
that g(s) ∈ F F E ((N, →), DN ) for any SPE s, observe that the set of outcomes designated by
F F E are those where i qualifies from G if and only if i ∈ argmaxj∈G wjF E (G) and i tie k for
any other maximizer k. If g(s) ∈
/ F F E ((N, →), DN ) for some SPE s, then there must exist
a group G in some stage t after some history ht , and two players i, j ∈ G so that i G j
but j ∈ argmaxl∈G wlF E (G) and j tie k for any other maximizer k. Because qG = 1, j is
eliminated in stage t. But the fact that j is a maximizer implies that if j deviates to play
s∗j |ht , then j G ι for any other player ι in G given any s−j |ht and therefore j qualifies,
contradicting that s is a SPE.
Conversely, it suffices to show for each design DN with qG > 1 in a group G in some stage
t that, for some order → on N , either s∗ is not a SPE or that g(s) ∈
/ F F E ((N, →), DN ) for
some SPE s. Fix a history ht , after which G = {1, 2, . . . , g}. Let the order → on N designate
that 1 → j for each j ∈ G\{1} and 2 → j for each j ∈ G\{1, 2}, and also that for any two
players i, j ∈ G, i → j if i < j. Thus i G j if i < j under s∗ |ht , and both 1 and 2 qualify
from G. Upon qualification, two possibilities arise, depending on the sorting rule f t+1 . The
first possibility entails that 1, 2 ∈ A for some group A in stage t + 1. Let s∗ be a SPE, for
otherwise the claim is proved in this case. Consider a one-stage deviation s from s∗ in stage
t where 1 shirks against 2 in G. The rankings of all groups in P t are unchanged, except that
the ranks of 1 and 2 switch in G so that g(s) ∈
/ F F E ((N, →), DN ). IC fails because s is a
SPE since first, the stage partitions (P t )Tt=1 are the same under s and s∗ , which implies that
players face the same opponents in each stage under both profiles and second, s∗ is a SPE.
It remains to consider the second possibility, where 1 and 2 are sorted into two separate
groups, say B and C respectively, in stage t + 1. Further let the order → on N designate
that, i → 1 for each i ∈ B\{1} and 1 → j for each j ∈ C. Clearly, 1 ranks the lowest in B
8

and is eliminated in stage t + 1. However, s∗ is not a SPE because a one-stage deviation by
1 to shirk against 2 in G would allow 1 to qualify to C in stage t + 1, in which he ranks the
first and qualifies further.

4

Final Comment

The result has the flavor of an impossibility result by implying that many tournament games
in practice are not IC. Nonetheless, in practice, regulations that allow only one qualifier
from each group may not be desirable. The appeal of IC may therefore be put into question.
Imagine an unknown tennis player being drawn against Roger Federer in the same group
in the first stage of a single-elimination tournament. The tournament game is IC, but is
perhaps too harsh on the athletes and their fans. Of course, there are many factors other
than IC, for instance time constraint and the number of matches, that a designer needs to
take into account when designing a tournament. To be clear, the aim of the present paper is
not to provide a general selection criterion of tournament designs. Instead it seeks to provide
a baseline framework for future work. For instance, the current solution concept is binary:
a tournament game is either IC or not. Devising a method to quantify IC would allow for
the study of trade-offs between IC and other potentially desirable factors.
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